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COLUMN STRENGTH OF TUBES ELASTICALLY RESTRAINED AGAINST ROTATION 

AT THE ENDS 

By TViLLiAU B. Oegood 



SUMMABY 

A study was made of the effects of known end restraint 
on commercially available round and streamline tvMng 
of chromium-molybdenum steel, duralumin, stainless steel, 
and heat-4reated chromivm-molybdenum steel; and a more 
accurate method than any previously available, but sOll a 
practical method, was developed for designing compression 
members in riveted or welded structures, particularly 
aircraft. 

Two hundred specimens were tested as short, medium- 
length, and long columns with freely supported ends or 
elastically restrained ends. The test specimens were 
centered under load on knife edges held in carriers, and 
the free lengths were computed by a rational method not 
heretofore used. Tensile and compressive tests were made 
on each piece of original tubing from which column 
specimens were cut. The column data vs&re reduced with 
the aid of these tests, and formulas were constructed to 
represent the column strengths in terms of specified tensile 
yield strengths 0/ the four materials used. 

It was found possible to extend work done by Bleich on 
the design of elastically restrained compression members 
in bridges and to present a method that shotdd be suitable 
for designing such members in aircraft. The design is 
facilitated greatly by the use of tables and a nomographic 
chart, bath induded in this paper. A numerical example 
is also given. 

INTRODUCTION 

Compression members, particularly ia riveted or 
welded structures like bridges and fuselages of airplanes 
are columns elastically restrained against rotation at 
the ends, and the strengths of such members lie between 
the strengths they would have if perfectly free to rotate 
at the ends, on tiie one hand, and if perfectly fixed at 
the ends, on the other hand. The interest of the 
Bureau of Aeronautics, Navy Department, and of the 
National Advisory Committee for Aeronautics in the 
strengths of compression members of the kind men- 
tioned led to the transfer of funds to the National 
Bureau of Standards in July 1928 and thereafter for an 
investigation of the subject. 

The column strengths of round and of streamline 
tubular specimens of chromium-molybdenum steel, of 
duralumin, of stainless steel, and of heat-treated I 



chromium-molybdenum steel have been studied. The 
diameters of the round tubes ranged from 1 inch to 2 
inches and the basic diameters of the streamline tubes 
from to 2%. inches. The thicknesses of both sets of 
tubes ranged from 0.035 to 0.083 inch. Tests were 
made which included comprehaisive tensile and com- 
pressive tests of the material used, 186 tests of speci- 
mens as initially centrally loaded columns with freely 
supported ends and with various known equal elastic 
restraints at both ends, and 14 such tests witli one end 
freely supported and the other end restrained elasti- 
cally ia a known manner. In this paper these tests 
are described, and the column tests, further, are iater- 
preted in tiie light of the double-modulus theory of 
column action and are related to the mechanical prop- 
erties of the materials of the tubes. The question of 
designing elastically restrained compression members 
is also considered. 

The author is particularly indebted to Dr. L. B. 
Tuckerman for advice and suggestions during the 
progress of the investigation, and to several other 
members of the Engineering Mechanics Section of the 
National Bureau of Standards for ideas and helpful 
suggestions in smoothing difficulties encoimtercd from 
time to time in the laboratory work. It is a pleasure 
to acknowledge the assistance received in this way. 
^S-Ir. E. E. Lundquist of the National Advisory Com- 
mittee for Aeronautics was much interested in the 
problem of designing compression members elastically 
restrained against rotation at the ends and offered 
valuable criticism of the section on the design of such 
members. Bos comments resulted in a great improve- 
ment in this section. 

The author wishes also to express appreciation for 
the tubing donated by the Aluminum Co. of America, 
by the Summerill Tubing Co., and by the Navy De- 
partment, and for the heat treatment of the heat- 
treated chromium-molybdenum-steel tubing by iletal- 
lurgical Laboratories, Inc. 

A considerable part of this paper was submitted as a 
thesis in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in engineering in the 
graduate school of the University of Illinois, 1933. 
Acknowledgment is here made for permission granted 
by the graduate school of the University of Illinois to 
use this material. 
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MATERIAL AND MATERIAL TESTS 

THE MATERIAL AND ITS PBEPABATION FOR TEST 

The round chromixim-molybdenum-steel tubing had 
been bought under U. S." Army Specification No. 
57-180-2A now coTered by U. S. Army Specification 
No. 57-180-2C, the equivalent of Navy Department 
Specification 44T18c, Feb. 1, 1937: Tubing, Steal 
(Chrome-molybdenum) Round, Seamless (Aircraft Use). 
In the latter specification: 

The specified minimum yield strength was raised from 60,000 
to 76,000 lb. per sq. in, for the sizes of tubing that were used, 
and a more precise method of determining the yield strength was 
specified. 

The specified minimum elongation in 2 in. was raised from 10 
to 12 percent for sizes 0.036 to 0.IS8 in. thick. 

The round duralumin tubing, donated by the Almni- 
num Co. of America, Pittsburgh, Pa., was supplied to 
conform with Navy Department Specification 44A2, 
now covered by Navy Department Specification 
44T21b, May 1, 1937: Tubing, Aluminum-alloy (Alum- 
inum-copper^magnesium-manganese), Round, Seamless, 
Condition "T", heat treated. In the latter specification : 

The specified minimum yield strength was raised from 30,000 
to 40,000 lb. per sq. in., and a more precise method of determining 
the yield strength was specified. 

The specified percentage elongation in 2 in. was lowered by 2 
for all sizes covered in the earlier specification Qi to Sji in., 
indiLsive, nominal outside diameter). 

The round stainless-steel tubing was bought under 
Proposed Navy Department Specification M-55b, 
temper C tubing, now covered by Bureau of Aeronautics 
Specification 44T27 (INT) 22 April 1937 for Tubing, 
Sted, Corrosion-resisting (18 percent Chromium and 
8 percent Nickel) Seamless, Drawn, Round, Structural 
% H-Cold-Drawn, Pickled. In the latter specification: 

The specified yield strength was lowered from 160,000 lb. per 
sq. in. to a minimum of 136,000 lb. per sq. in. and at the same 
time the method of determining the yield strength was changed 
to conform in effect to the definitioa given in Navy Department 
Specification 44T27, "The yield strength is the load per square 
inch of original cross section at which the material exhibits an 
extension under load of 0.002 inch per inch in excess of that 
which would be computed from Young's modulus of elasticity 
of 25,000,000 pounds per square inch and the usual formula: 
Unit stress = Young's modulusXunit deformation." 

The specified elongation in 2 in. was lowered from 8 percent 
for a full-tube specimen to a Tninirminn of 5 percent for material 
over 0.02 in. thick and not over 0.049 in. thick and to a minimum 
of 6 percent for material over 0.049 in. thick. 

Flattening requirements were added. 

All the chromium-molybdenum-steel tubing that was 
heat treated was donated by the Summenll Tubing 
Co., Bridgeport, Pa., and was heat treated free of 
charge by Metallurgical Laboratories, Inc., Philadel- 
phia., Pa., to a requested tensile strength of 175,000 
lb. per sq. in., no specification applying. 

The streamline chromium-molybdenum-steel tubing 
donated by the Summerill Tubing Co., Bridgeport, 
Pa., was supplied to conform with Navy Department 
Specification 44Tl7a, now covered by Navy Depart- 



ment Specification 44Tl7b, Dec. 1, 1930: Tubing, Steel 
(Chrome Molybdenum), Structural, Streamline Cross 
Section, Seamless (Aircraft Use). In the latter speci- 
fication: 

The specified minimum yield strength was raised 10,000 lb. 
per sq. in., but the method of determining the yield strength was 
changed so that most material passing the old specification would 
probably also pass the new one. 

The streamline duralumin tubing, donated by the 
Aluminum Co. of America, Pittsburgh, Pa., was sup- 
plied to conform with Navy Department Specification 
44T227now covered by Navy Department Specification 
44T22a, Feb. 1, 1937: Tubing, Aluminum-alloy (Alu- 
minum-copper-magnesium-manganese), Streamline (Air- 
craft Use). In the latter specification: 

Ma xim um chemical contents of iron, silicon, chromium, and 
other elements (including zinc) were specified. 

The specified minimum yield strength was raised from 30,000 
to 32,000 lb. persq. in. 

The streamline stainless-steel tubing was supplied 
by tihe Navy Department, which bought it under Navy 
Department Tentative Specification M-55C, either 
Grade 1 or 2 tubing with physical properties specified 
for temper "B" and with cross-sectional dimensions to 
conform to those shown in table 2 of Navy Department 
Specification 44T22, now covered by Navy Doparlmeut 
Specification 49T11, May 1, 1937: Tubing, Steel, 
Corrosion-Resisting (18 percent Cliromium and 8 
percent- Nickel), Seamless-Drawn, Streamlino-Cross- 
Section (Aircraft Use), H-CoId-drawn, Pickled. In 
the latter specification: 

The specified yield strength was lowered from 12Bfi(X) to 
110,000 lb. per sq. in., and the method of determining the yield 
strength was changed to conform in effect to the definition noted 
under the description of the round stainless-steel tubing. 

This specified percentage elongation in 2 in. was lowered from 
16 for a strip specimen to 13 for material over 0.019 in. thick and 
to 8 for material not over 0.049 in. thick. 

Since for the purpose of the present investigation the 
latest specifications are, with the exceptions noted, 
essentially the same as those under which the tubing 
was supplied, reference to specifications hereinafter will 
be confined to the latest specifications. 

The nominal dimensions of the tubes used are given 
in table I. One tensile specimen and one compressive 
specimen were taken from each tube, usually from 
opposite ends, most of the remainder of the tube being 
available as column specimens. All those specimens 
were weighed, their lengths and tiie outside diameters 
of the round specimens were measured, and representa- 
tive determinations of density were made by the Divi- 
sion of Weights and Measures of the Bureau. The 
cross-sectional area of each specimen was computed 
from the weight, the length, and the density. Tlio 
least radii of gyration of the cross-sectional areas of tho 
round specimens were determined from tho actual 
dimensions and of the streamline specimens by sub- 
jecting representative specimens to pure bending. 
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measuring deflections, and computing the radii of gyra- 
tion from the results so obtained and the values of the 
moduli of elasticity found for the compressive speci- 
mens. 

The initial deflections of aH the colunrn specimens 
except a few short ones were measured. 

TENSILE AND COMFBESSITE TESTS 

The tensile tests were made in a 100,000-lb. (50,000- 
kg) Amsler machine having scale ranges from 0 to 
10,000, 20,000, 50,000 and 100,000 lb. Most of the 
compressive tests were made in a 50,000-lb. compound- 
lever machine, having scale ranges from 0 to 5,000 
and 50,000 lb., in which the movable head could be 
maintained very rigid. Most of the compressive speci- 
mens were tested with the lower end against a fiat 
block and the upper end against a hemispherical bearing. 

Strains were measured with a Ewing estensometer, 
when possible, on a 2-mch gage length; otherwise 
Tuckerman strain gages were used for determinations 
of moduli of elasticity, and Huggenberger extenso- 
meters for determinations of yield strengths. The 
moduli of elasticity were obtained from stress-strain 
data hj means of difference curves (reference 1) drawn 
for each of the tensile and compressive specimens. 
The stress-strain data for determining the modulus of 
elasticity were usually taken after the specimen had 
been strained to about 0.002 and the strain released. 
This procedure "ironed out" some of the initial stresses 
in the material and in many cases, particularly that of 
the stainless steel, made the determination of the 
modulus of elasticity much more definite than it would 
have been if determined from readings taken during 
the first loading. In these cases, owing to the imme- 
diate curvature of the stress-sfarain diagram at low 
stresses, the modulus of elasticity would have had to 
have been determined as the tangent modulus at zero 
stress, a very unsatisfactory determination. 

In most cases the tensile yield strengths were ob- 
tained from stress-strain diagrams, according to the 
definitions in the latest Navy Department specifications 
applying to the type of tubing tested.' The compres- 
sive yidd strength was obtained from a stress-strain 
diagram as the stress corresponding to the intersection 
with the stress-strain curve of a line drawn through 
the origin with a slope pE, where 0<j3<l and E is the 
modulus of elasticity. This method is discussed later. 
The values of J3 used were: for the chromium-molyb- 
denum steel, 5/9; for duralumin, 2/3; for stainless 
steel, 5/S; and for heat-treated chromimn-molybdenum 
steel, 5/7. 

Typical stress-strain diagrams are shown in figures 1, 
2, 3, and 4. 

1 Iq the esse of the Iieat'-treated chromlmn-molybdenain-steel the tensile yfdd 
ftieogtli was taken as the stiess at the Intecseettog with the stress-strain carve of a 
Une with a slope equal to that of the modoliis line and at a stialn OSXa tnan It. 



COLUMN TESTS 

The primary series of column tests were tests with 
freely supported ends. As can readily be shown theo- 
retically, the buckling strength of an. ideal column hav- 
ing known, elastic restraints at the ends is the same as the 
buckling strength of a column with freely supported ends 
having a length equal to the distance between the suc- 
cessive points of inflection of the center Hne of the 
column with restrained ends. Local, crinkling failtires 
are not considered here. The length of the equivalent 
freely supported column is called the "free length" of the 
column. Although the double-modulus theory of 
column action (reference 2) * furnishes a method of 
determining the free length of an ideal column, as will 
be shown later, the imperfections of real columns made 
an experimental check seem advisable, and at Dr. L. B. 
Tuckerman's suggestion a considerable number of speci- 
mens were tested with known, elastic restraints. The 
restrained ends also simulate more nearly the practical 
condition under which actual columns are used. 

APPAEATTJS FOR PKOCDErNa BESTBAINTS AT ENDS 

The diagrammatic sketch (fig. 5), shows the lower fix- 
ture used for procuring an elastic restraint at the lower 
end of a column. Except for unimportant details, the 
upper fixture is the same as the lower. Each fixture 
consists essentially of a carrier with a knife edge which 
bears on a seat on a stationary support clamped to the 
weighing table of the testing machine. Means are pro- 
vided for holding the end of the test specimen in position 
on the carrier and moving it horizontally under low 
loads in a direction perpendicular to the knife edge. 
Rotation of the carrier about the knife edge is restrained 
by the helical springs shown. The degree of restraint 
may be varied by changing the active lengths of the 
springs, provision for which is furnished. By means of 
a dial gage, not shown in the figure, it is possible to 
measure the rotation of the carrier about the knife edge. 
Wiog nuts on the ends of the rods through the springs 
make it possible to compress the latter so that rotation 
of the carrier will not cause one spring to go out of 
action (the springs cannot be used in tension). 

PBOCEDUBE FOB iilAEJSfa A TEST 

The same vertical testing machine was used for the 
colxunn tests as for most of the compressive tests pre- 
viously mentioned. Before a series of columns with 
elastically restrained ends was tested, it was necessary 
to adjust the active lengths of the springs to procure 
the degree of restraint against rotation desired and then, 
after compressing the springs by means of the wing 
nuts, to determine the restraint accurately. This 
determination was made by hanging a series of known 

I As Indicated In OsSs paper, the theory was developed by oontribatlbiia of aeveial 
men. It cannot lastly be named after any one of them, nor even two, without denyinc 
credit dne tlsevbaa. Dr. I>. B. Tuckerman anggestsd the name "dooble-modolus 
tbeoty." 
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weights on one of the hangers at the ends of tlie carrier 
(fig. 5), thus causing the carrier to rotate about the 
knife edge, and noting the corresponding readings of 
the dial gage indicating rotation (not shown in the 
figure). From data obtained in this way the moment 
on the carrier could be plotted against the rotation of 
the carrier, and the moment per unit angular rotation, 
which will be called the "restraint", m, could be 
determined as the dope of the resulting diagram. 
The restraints used are given in table I. 

The procedure proper, for making a column test 
consisted in placing the specimen between the upper 
and lower earners, centering under load' with the 
springs out of action, and then bringing the springs 
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FiGUBE 5.— Diagianunatic sketob showing apparatus for proooiInK elastic restraint 
at end of column. 

into action if the test was to.be made with restrained 
ends, and loading to failure. 

RESULTS 

DETERMINATION OP THE FREE LENGTH 

The results of the column tests were plotted in terms 
of the ratio of slenderness, baaed on the free length, 
and the average stress at failure, and also in terms of 
nondimensional variables that took into account the 
properties of the material. The first question that 
presented itself in preparing such a graphical repre- 
sentation was the determination of the free length. 
The rigid carriers at the ends of the columns compK- 
cated the situation somewhat. Engesser (reference 5) 
had shown in the case of straight elastic columns how 
such rigid portions of equal lengths at freely supported 
ends could be treated rationally. The problem of the 
straight elastic column of uniform cross section elasti- 
cally restrained against rotation at the ends had been 
treated by Nater and others (references 6, 7, and 8), 
and Bleich (reference 9) considered the case of the 
straight inelastic column so restrained. In the present 
investigation there were many slightly curved, inelastic 
columns with rigid portions and both with and without 
elastic restraints at the ends. All these columns were 
centered under load with the expectation that such 

I Christie (references) was probably the first to compensate tor Imperfecflons in an 
actual colomn by shifting the ends of the column relative to the supports. Consld to 
(reference 4} seems to have been the first to employ centering under load systemati- 
cally la a Series Of column tests. 



centering would idealize the elastically restrained 
columns as well as the freely supported columns.* A 
rational method of determining the lengtlis, and thus 
the ratios of slenderness, of equally strong coliumis 
freely supported at the ends was then sought. Tho 
strength of the different columns could then be studied 
as a function of the ratio of slenderness based on the 
free lengths so foxmd. 

If the double-modulus theory (reference 2) of column 
action is adequate to describe the behavior of columns 
under load, as is being questioned loss and less today, 
and if the departures from straightncss of tho columns 
are not too great, tlien it should be possible to deter- 
mine the free length of any t-est column on tlie basis of 
this theory.* If, when the free lengths of tho test 
columns have been computed, plots of average stress 
at failure against ratio of slenderness based on tho 
computed free length,or modifications of these quantities 
that take into account the variations in the properties 
of the material, he on a reasonably smooth curve, this 
fact may be r^arded as proof that small initial curva- 
tures under conditions of proper centering do not affect 
the strengths of even inelastic columns frooly supported 
or elastically restrained at the ends. 

The equations determining the free length of an 
asially loaded straight column of uniform cross section 
with rigid portions and clastic restraints at the ends 
may be obtained as outlined in the following sections. 
The procedure is to write dowTi the differential equation 
for the deflection of tiie center line, to integrate it, to 
introduce the boundary conditions, and to det<?rmino 
under what conditions the displacement of the center 
line becomes indeterminate. It will be found that this 
displacement becomes indeterminate at a definit<j load, 
the buckling load. 

The notation that will be used is: 

At the cross-sectional area of the column 

i, the least-radius of inertia or radius of gyration of 
the cross section of the column measured 
parallel to the plane of bonding. 

Z, the length of the column specimen. 

50, the length of the rigid portion between the upper 

end of the specunen and the upper knife edge. 

51, the length of the rigid portion between the lower 

end of the specimen and tilie lower knife edge. 



' WelWcnown tests by von Kirmftn {reference 10) show that slight ImperfcctloiU 
such as small Initial coivatures do not affect the strengthi of freely supported columns 
when centered under load. Zlmmnmiflnn (reference 11) has shown theoretically that 
the strength of elastic columns Is not affected by slight initial ciurvature vhen the 
columns are centered properly, and Kein (reference U), In a careful scries of tests, has 
Included some definitely bent columns of structural steel, confirming Zimmormann's 
lesolts. 

• In this theory it is assumed that the columns ate straight, that the material ti 
homogeneous, that the load Is applied In line with the axis of tho column, and that 
deformations due to shear are negligible. Since tho behavior of a material stressed 
beyond the proportional limit la a column depends upon Its previous strata history, 
the strength of columns In which the material Is so stressed depends on the loading 
history. A standard loading history must therefore also bo assumed In the theory. 
It Is assumed that the compression Is uniform over all the cross section until tiw 
buckling load is reached, and not until then does bending talce place. 
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P, the load on the column at failure by buckling. 
F, the transverse force acting at each knife edge on 

the ends of the column. 
E, the double modulus. 

mo, the elastic restraint resisting rotation at the top 

end of the column. 
mi, the elastic restraint resisting rotation at the 

bottom end of the colmnn. 
^oj the rotation at the top end of the column, 

positive clockwise. 
^1, the rotation at the bottom end of the column, 

positive clockwise. 
Mo=m(^o, the restraining moment at the top end of 

the column. 

Mi=—tnifi, the restraining moment at the bottom 
end of the column. 

With the coordinate axes taken as in figure 6 the 
differential equation of the deflect«d center line of the 
column is for small deflections', 



d3? Wl 



(1) 



where A£ is the bending moment at any section, 

Integration of equation (1) and substitution of the 
boundary conditions, a;=0: ^=?^'o, y=So\Ao; x=h ^= 

^i, y=^—Si^i, yields four homogeneous linear equations 
in 1^0, a^d t^-o constants of integration. The de- 
flection y becomes indeterminate when the determi- 
nant of the coefficients in these equations is equal to 
zero, and hence the buckling load is 'defined by the 
equation 

A=0 

Upon evaluation of the determinant, there is found in 
terms of the nondimensional variables 



and ni=- 



pz(i+^f+f)' 

(l+^+*^)rt,M.]cos ^+2(l+l»+^)^;,l.^= 



0 (2) 



' It may b« noted that equation (l) applies to an; colomn that remains stiaigiit up 
to the tn'tant of fatlnre aa In the standard loading hlstocr. In thb case tbesTerage 
stress Is constant and hence "£ h tndependent otz. 



If the length of a freely supported column having the 
same strength as the given column is denoted by ilo, 
then 



(3) 



(the original double-modulus equation), and this 
equation makes it possible to writ« 



(4) 



Equations (2) and (4) determine 4> and when the 
other quantities are known. 

It should be noted that the determination of the free 
length U does not require a knowledge of the value of 




FiGTHts 8.— Deflected center line ol colnmn. 

E, the free length being determined solely by the 
lengths I, Sft, and Si and t£e variables juo and ni. 

Equation (2) is simplified considerably in certain 
special cases. Thus, when Sa=Si=s and iio=iii=Ht 
introduce the nondimensional variables 



\ 8 m 



(5) 
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and 



8 m s/. , 2s\ 



1+ 



(6) 



and by factoring the left-hand side obtain 

(^^|^+»'*)[(l+2/)(l-oos *)-/^.sin *]=0 (7) 

It may be noted that if ^=2nT, where » is an integer, 
the left-hand side of this equation becomes Ladetermi- 
nate. Substitution of this value of ^ into the original 
equation, (2), shows that ^=2»7r is not a solution. If 
the first of the factors on the left-hand side of equation 
(7) is equated to zero, the solution obtained corresponds 
to the case V'o=— (fig- 6) and, if the second factor is 
equated to zero, the solution obtamed corresponds to 
the case ^o=^i- The first solution yields the smallest 
value of 4> and is the only one of pra<:tical interest. 
There is obtained then in a convenient form 



cot |-|-j'<^=0 



(8) 



Equation (8) may also be written in terms of the trigono- 
metric functions 



. . 1 and t=l-;-^: 
sm 9 tan q> 



t-{-s=-i 

V 



(9) 
(8a) 



Where tables of t-fs (reference 13) are available, 
equation (8a) wiU be the most convenient form for use. 

If, when «o=^i=s and jua=0, there is introduced the 
nondimensional variable 



2s wii 2s/, , 2s\ 



(10) 



equation (2) for the determination of 4> reduces to 

^=-<^+?+7t)-7^ (11) 

which may be solved by trial with the aid of table VII. 

Finally, if go=Si=0, equation (2) may be written in 
the form 

Wi/*i(t^-8*) + (ACo+/Xi)t-M=0 (12) 

Zimmermann (reference 13) gives this equation and 
Prager (reference 14) gives it in a modified form, but 
they assume it to apply for elastic buckling only. It 
has also been presented in a paper by the author 
(reference 15). The equation may be solved by trial 
with the aid of table VII, or it may be solved directly 



by means of the nomogram (fig. 7) the idea for which is 
due to L. B. Tuckerman.^ 

In order to use the nomogram, a straight line is r\m 
through the points of the circle determined by the vahies 
of Ho and read on the circular scale. Tliis lino will 
intersect the spiral curve in at least one point. The 
value of 0/ir corresponding to this point, or the lower 
value if there are two intersections,* read on tho scale 
of the spiral ciu^e \vill be the lowest value for which 
buckling can ocom:. 

The necessary constants for the colunm specimens 
with equal (or no) restraints at opposite ends and for 
the column specimens freely supported at tho top and 
restrained at the bottom being computed, equations 
(8), or (8a), and (11) could be solved for 4> and tho free 
lengths determined from equation (4). The ratios of 
slendemeas, Jo/i could now bo found; and tho corre- 
sponding average stresses at failure, PI A, were obtained 
from the masimiun loads and tho cross-sectional areas. 
The values of m and mi that were used ranged from 
0 to about 450,000 Ib.-in. per radian. (See table I.) 

COLUMN DATA 

The values of raiio of slendemess, and corre- 
sponding average stress, PjA, are given In table II and 
are plotted for the chromium-molybdenxmi-steol speci- 
mens in figure 8, for the duralumin spccbnens in figure 9, 
for the round stainless-stcci specimens in figuro 10, 
and for the heat-treated chromium-iuolybdenimi-etcci 
specimens in figure 11. One of the main causes, prob- 
ably the main cause, of the scatter in the points in 
these diagrams is the imavoidablo variation in tho 
properties of the material from tube to tube and along 
the length of any one tube from which specimens were 
cut. — This variabihty can be corrected for to tho 
extent to which the compressive strcss-stram relations 
remain invariable along the length of any ono given 
specimen and are aflSnely related from specimen to 
specimen. 

Suppose, for example, that there is determined from 
the compressive stress-strain diagram of the material 
in each specimen a certain stress, S, as the intersection 
with the stress-strain cui^'e of a line through tho origin 
having a slope ^E, where /3 is a const^mt for a given 
material and 0<i3<l, and E is the modulus of elas- 
ticity of the material. Let there now be constructed in 
each case a reduced compressive stress-strain diagram 
in which there is plotted, instead of stress against strain, 
stress divided by S against strain divided by SIE.* 

7 Equation (12) is Iji one o{ Clark'i canonical forms of equations of nomompblo 
Older i. (Sea refeience IS.) 

I In tbs case of two points of Intersection tba btihei valaa of ^/r oanesponds to la 
unstable condition ol equQIbrlum. 

• Tlie reduced stress^traln diagram bas been used by Bobenemser Orcfwcnce 17), 
vbo does not, howeTer, determine Sspeciflcally by tbe method here used. 
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If the various original stress-strain curves are affinely 
related,*" then they all reduce to one and the same 
curve, in particular, that part of the reduced diagram 
within the elastic range is identical for all materials. 
Just as there is corresponding to any ^ven stress- 
strain curve, a definite double-modulus column curve, 
PIA=ir^E/(lo/iy, so there is corresponding to our reduced 
stress-strain curve, a definite reduced double-modulus 
column curve ia which P/A and J in the double- 
modulus formula are replaced by P/(,AS) and EfE, 
res pecti vely, and in which lo must be replaced by 

If now there are introduced the uondimensional vari- 
ables " 

the reduced column curve 



is identically the same for all columns hadng geometri- 
cally similar cross sections (E depends among other 
things on the shape of the cross section) and made of 
materials having compressive stress-strain diagrams 
that are aflGboiely related. 

Although it is too much to expect aU the compressive 
stress-strain curves of a material to be affinely related, 
nevertheless they are to some degree of approxiniation 
so related; and experience has shown that, where the 
properties of the material differ widely, the correction 
proposed is a real correction (reference 18). Accord- 
ingly, the values of X„ and <r„ equations (13), were 
computed for each column specimen. For E in each 
case was used the modulus of elasticity of the com- 
pressive specimen for the tube from which the column 
specimen was cut. For the determination of S, which 
may be called the "compressive yield strength", in tlie 
case of the chromium-molybdenum steel and the dural- 
umin tubes, P was so chosen that were the tensUe yield 
strengtii to be determined for a material just passing 
specifications, then by the ^E method exactly the same 
yield strength would be obtained as by the method 
specified for round tubing. This consideration gave 

6 • 2 

jff=^ for the chromium-molybdenum steel and )3=g for 

the duralumin. The value of jS determined in the same 

27 

way for the %-R stainless steel gave P=^'t tliis value 

5 

was arbitrarily reduced to g, which was the value used 
for all the stainless^teel specimens. For the heat- 
treated chromium-molybdenum steel was used. 

This value woiild correspond to a specified yield 
strength of 150,000 lb. per sq. in., determined as indi- 

II By offlne relation Is meant the relation that exists between the curves /)-0 

and F(pe, s^-O, where p aaA t ans oonstsnts. 

11 The quantity U-<J'S}S to the length of an elastfo colamn vhkih would buckle at 
the average stress S. 

» Similar variables were used by Tuckerman, Fetranko, and Johnson Crefeience 18>. 



Gated in footnote 1. For cur\'es that are stiictly af- 
finely related the value of /8 is immaterial, within the 
limits Q<j8<l within which it lias any meaning. For 
curves Uiat are approximately affinely related the best 
value of /3 is that value which most nearly brings thcra 
all to the same reduced stress-strain curve, but prac- 
tically the best value may be regarded as the value 
which is most effective in reducing the scatter in the 
Ifji, PM-diagi'ams. In order to make sure that the 
values of /3 adopted were reasonably good, other values 
were tried: }i for chromium-molybdenum steel and 
duralumin, and *%t and % for stainless steel. There 
was little difference in the results, wliich were not made 
significantly better nor worse. This result was to bo 
expected, for in order that the method have any value 
at aU, the stress-strain curves must show some sem- 
blance of aSine relationship, and if they do, the value 
of j8 most convenient to use ■vnH be practically as good 
as any other. 

The X„,o-rdiagrams tliat result from the procedure 
just ouUined are shown in figures 12, 13, 14, and 15. 
Comparisons of the chromium-molybdenum-stGel dia- 
grams (figs. 8 and 12) and the duralumin diagrams (figs. 
9 and 13) show some improvement; but the improve- 
ment is most marked in tlie stainless steel and the heat- 
treated chromium-molybdenum-stoel diagrams (figs. 10 
and 14 and figs. 11 and 15). That the improvement is 
not greater in the chromium-molybdenmn-stcel results 
may be explained by the fact that tlie mechanical 
properties of the mat«rial vary considerably along the 
length of a given tube. The value of the compressive 
yield strength for a column specimen may differ appre- 
ciably from the value of the compressive yield strength 
as actually determined on the compressive specimen. 
Moreover, the compressive stress-strain curves of the 
chromium-molybdenum-steel showed comparatively 
poor affine relationship. No great improvement in the 
duralumin results would bo expected because of the gen- 
eral uniformity of all the material used. 

The next most probable cause of Bcatt<jr in the y i, 
P/A- and X^jO-rdiagrams after variations in the 
properties of the mateiials, is the uncertainty of the 
conditions at the ends of tlie test colimms. The best 
measure of the success with which a column has been 
centered is the subsequent load-deficction ciu'vc ob- 
tained on testing the column; or better, for comparative 
purposes, a plot^of load, P, di\'ided by maximum load, 
Pmax, against deflection within the free length divided 
by the free length (reference 19). The sliarpor the 
"knee" of such a diagram, that is, the smaller the small- 
est-radius of curvature of the reduced load deflection 
curve, the better centered or the better adjusted the 
ends of the column may be assumed to have been. 
Representative diagrams of this kind are sho\vn in 
figures 16 and 17. The deflection, 5o, in the free 
length was obtained from the observed deflections on 
the assumption that equation (1) represented the 
deflected center line. 
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Comparison of the low points on the Xo„<r,-diagrams 
with the reduced load-deflection diagrams for the 
corresponding specimens indicated that one chromium- 
molybdenum-steel, three duralumin, four stainless-steel, 
and two heat-treated chromium-molybdenum-steel 
columns were probably tested vnth imsatisfactory end 
conditions, since the reduced load-deflection curves 
showed large radii of curvature at the knees. 

The error in the free length, Zo, due to an error in the 
restraint, m, was estimated to be not. greater tlian 1 
percent in any case. 

The tests on freely supported round colmnns are 
regarded as the primary data, the tests with restrained 
ends and the tests of the streamline sections being re- 
garded as check data. The degree to which the clteck 
data agree with the piimary data is an indication of the 
accuracy of the method of computing free length by 
means of equations (4) and (8) or (1 1 ) . It will be noted 
that, in general, in figures 12, 13, 14, and 15 the points 
representing the check data faU in approximately equal 
numbers above and below the point representing the 
primary data. 

FORMULAS AND CURVES FOB DESIGNING 

The data wei-e adapted for use in designing by the 
following proceduro. Empiiical formulas were de- 
veloped to give a good approximation to the X„, a-y 
values for each of the materials, curves representing 
these formulas being shown in figures 12, 13, 14, and 15. 
Use of these formulas or curves requires a knowledge of 
the compressive yield strength of the mateiinl, and this 
information is not usually available to the designer, 
The specified property most nearly related to it is the 
tensile yield strength. Therefore, the average ratios of 
compressive yield strength to tensile yield strength were 
determined for the several materials, and the values of 
the specified tensile yield strength in the several current 
specifications were introduced into the empirical equa- 
tions to give the column strength as a function of ratio of 
slendemess for material just passing the specification. 
Curves representing these results are shown in figures 8, 
9,10, and 1 1 . The details of this procedure wiU now be 
taken up. 

The results of the tests on the freely supported round 
chroroium-molybdenum-steel . columns can be repre- 
sented in the X„j,o-,-diagram by a cxirve of the form 

and the reduced Euler curve 

1 2 
(7,=^ for j^_j^^ ^o-,>0 (16b) 

II* This type ot curve, in terms of the ratio of slendemess itnd the averass stress, 
iras proposed by Kreflger (reference 20). 



where Ko and Ki are empirical constants. These curves 
are shown in figure 12 for Ko=5.Q and 7ii=l; 

5.6 -K." f 560^ ^10 „^ , 

'"= S.29+\* ^'^'^ 629^ ''^23 f^^'^> 

(r,=j^ for |^^<r.>0. (16b) 

It may be noted that for Ki=0, equation (15a) reduces 
to the Johnson parabolic formula. 

The results of the tests on the freely supported 
round duralumin columns can be represented in the 
^<M>(r«-diagram by the straight Uno and the reduced 
Euler curve 

(r,= 1.175-0.575V0i6X„ for 1.176^ <r,^0.6 

or (r,=1.175-0.445X„ for 1.175^ «r,^ 0.6 (17a) 

and ff,=J^i for O.C ^<r,>0 (1 7b) 

which are shown in figure 13. 

The results of the tests on the freely supported round 
stainless-steel columns can be rcprescnt<:d in the X«(, 
diagram by a modification of a curve proposed by 
Aarflot " 

for all values of X,,, and Kz being empirical constants. 
The ctu:ve is shown in figure 14 for ^4=0.08, iiL^=8: 

1 

''•~0.68X„»-|-0.32VxJ-t-8 ^^^^ 

It may be noted that for Ki=l or Et=0 equation (IS) 
reduces to the Euler fonnula. 

The results of the t«sts on the freely support<!d round 
heat-treated chromium-mol5'bdenum-st<;ol columns can 
be represented in the X„, (r,-diagram by the seventh- 
degree parabola and the Euler curve, 

<r,=0.943(l-0.0751X„') for 0.943^ (t,^ 0.733 (20a) 
ff,=i for 0.733 ^<r,>0 (20b) 

Am 

which are shown in figure 15. 

The relations between I^fi and P/A, usually desired, 
may be obtained by substituting the values of Xgi and 
(T, from (13) in (16a) to (20b), solving for P/A, atid 
introducing the numerical values of the quantities S 
and E; but tliis procedure would result in equations 
applicable only to the particular material tosl<;d. 
What is w^anted are equations in Zo/i and P/A which 
give safe results when applied to any matorial passing 
specifications. The specified i)roperty most closely 
related to the compressive yield strength of a material 
is the tensile yield strength, and if the ratio of those 
two strengths is known for a particular material, a 

II Aarflot (reference 21) pioposea 

1 

'~\ i — 
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column formula written in terms of the compressive 
yield strength may be given in terms of the specified 
yield strength. The average ratios of the compressive 
yield strength to the tensUe yield strength for the round 
tubes of the four materials used in. this investigation 
vrere found to be 1.000, 0.908, 0.827, and 1.120 for chromi- 
um-molybdenum steel, duralumin, stainless st«el, and 
heat-treated chromium-molybdenum steel, respectivdy. 

Navy Department Specification 44Tl8c for chro- 
mium-molybdenum-st^el tubing requires a tensile yidd 
strength not less than 75,000 lb. per sq. in. for tubing 
up to 0.188 inch thick. The compressive yield strength 
of tubing just passing this specification may be expected 
to be (S=1.000X 75000=75,000 lb. per sq. in. The 
average value found for E for the round tubes was 
29,800,000 lb. per sq. in. Consequently, the column 
strength in pounds per square inch of tubing up to 
0.188 inch thick which passes the specification just 
mentioned and for which the ratio of diameter d to 
thickness t does not exceed about 50 (value obtained 
from unpublished tests on short specimens) may be 
represented by the formulas 

l=^^ ^0TO0-h^lj 79400^1^32600, (21a) 
P 294000000 ' for 32600^|>0. (21b) 



Curves corresponding to these formulas are shown in 
figure 8. They represent the strength that may be 
expected from tubes which just pass the specification. 

Navy Department Specification 44T21b for heat- 
treated duralumin tubing requires a tensile yield 
strength not less than 40,000 lb. per sq. in. The 
compressive yield strength of tubing just passing this 
spedfication may be expected to be jS= 0.908X40000 
=36,320 lb. per sq. in. The average value found torE 
for the round tubes was 10,590,000 lb. per sq. in. Conse- 
quently, the column strength in pounds per square inch 
of tubing which passes the specification just mentioned 
and for which the ratio of diameter d to thickness t does 
not exceed 55 (value obtained from unpublished tests 
on short specimens) may be represented by the foimulas. 

^=42700(^1 -0.00707^) for 42700^2^21800 C22a) 



P 104500000 



w 



for21800^2^0. 



C22b) 



Curves corresponding to these formulas are shown in 
figure 9. They represent the strength tliat may be 
expected from tubes which just pass the specification. 

Navy Department Specification 44T27 (INT) for 
stainless-steel tubing, 3/4 H — Cold drawn, requires a 
tensUe yield strength not less than 135,000 lb. per sq. in. 
The compressive yield strength of tubing just passing 



this specification may be expected to be )S'=0.827 
X135000=lll,600 lb. per sq. in. The average value 
found for E for the round tubes was 26,300,000 lb. per 
sq. in. Consequently, the column strength in pounds 
per square inch of tubing which passes the specification 
just mentioned and for which the ratio of diameter d to 
thickness i does not exceed about 35 (see table I) may be 
represented by the formula 

123400 

^ (0.01798|)+.^14-(0.01233^J ^^^^ 

The curve represented by thia formula is shown in 
figure 10. It represents the strength that may be 
expected from tubes which just pass the specification. 

As stated previously, no specifications apply to the 
heat-treated chromium-molybdenum-^teel tubing, but 
aU the tensile spedmens showed a yield strength above 
150,000 lb. per sq. in. determined as indicated in foot- 
note 1. The variation in the ratios of compressive 
yield strength to tensile yield strength was so great, 
more than 20 percent, and the number of tubes, five, 
from which specimens were cut was so small that instead 
of using the avea:age ratio for this material, it seems 
desirable from considerations of safety to use the least 
ratio found of compressive yield strength to tensile 
yield strength, namely, 0.99, in obtaining a relation 
between PfA and IJi based on a specified tensile yidd 
strengfli. If a specified minimum tensile yield strength 
of 150,000 lb. per sq. in. is assumed, the compressive 
yield strength of tubing just passing the specification 
may be expected to be jS=0.99X150000=148,500 lb. 
per sq. in. The average value foimd for E for the 
romid tubes was 30,000,000 lb. per sq. in. Conse- 
quently, the column strength in pounds per square inch 
of heat-treated cbromium-molybdenum-sted tubing 
aimilnr to that tested, having a specified mjniTirmm ten- 
sQe yield strength of 150,000 lb. per sq. in., for which the 
ratio of diameter d to thickness t does not exceed about 
35 (see table I) may be represented by the formulas 

^=140000[l-(0.01547yi)T for 140000 ^^^108900 

(24a) 

P 296100000 . ,nonnn>.-P^n /o,.U\ 

T= ilo/zr 108900^2>0 (24b) 

Curves represented by these formulas are shown in figure 
11. They represent the strength that may be expected 
from tubes which just pass a specification requiring 
a TniniTmiTTi tensile yield strength of 150,000 lb. per sq. in. 

u It Is true tbat one '■"inrnn si>ectnien with dfi—3S.7 teRei bj crInUIiig at one end 
but thb specimen was the Ehoitest one tested yrKh. so high a valua ot djt. Fire other 
longer apeohnens with the same value of ill, two of them cut bom the same tube as 
the speolmen In Qnestlon, liiiled by primary buckling at higher aveiage stresses. It 
Is eztramaly difficult to center a short specimen becanse the deflections under the 
centering load aia so smaD. Tills eondltloa Is not of great Imptstance lor such sped- 
mens when fsllncs oocms by pilmary badlfng; but It Is likely to aOect appreciably 
the average stress at fidlura when t&e fUIiira b by criakUng. It seems probable, 
theiefiira, tbat tbaspedmenmenttoned was loaded eccentrlk»ny,and that the stiengtb 
does noi represent the strength which would bave been obtained under a centrally 
applied load. 
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Figures 18, 19, 20, and 21 represent curves of buckling 
load P, plotted against free length, ?o, for Navy Depart- 
ment standard sizes of tubing up to and including 3 
inches in diameter. These curves were obtained from 
equations (21a) and (24b) by inserting the appropriate 
values of A and i and solving for P in terms of U. 

In the analysis of trusses continuous at the joints 
it is necessary to use tha ratio r=EfE, which is a func- 
tion of the average stress on the cross section of a 
column at tlie instant of buckling, since !^ is a func- 
tion of this stress. The relation between r and the 
average stress may be obtained by eliminating \o, 
from equation (14) and the empirical equation 
applying for the particular material being used, and 
then substituting for o-, its value in terms of P/A. 
Thus, for chromium-molybdenum steel, by eliminating 
X„ from equations (16a) and (14) and substituting 

^'° 1.000.75000a (z^" ) 

pi -0.000 012 60^ p 

r=0.00007467^ J for 79400^^^32600 

^H-0.00001333^ (25a) 

and from (16b) t=1, for 32600^^>0. (25b) 
Similarly for duralumin, equations (17a) and (14) give 
on substituting '^«= o.908. 10000.^ (1 ^ 

T= 0.0001920^1 - 0.00002343^y for 42700 ^ ^^21800, 

(26a) 

and from (17b) t=1, for 2180jQ^2>0 C26b) 
And for stainless steel, equations (19) and (14) give on 
substituting ■^.= 0.827.135000^ 1^ ^) 

r=~|y l+(0.00001520|y (27) 

Finally, for heat-treated chromium-molybdenum 
steel, equations (20a) and (14) give, on substituting 

g.= »»n ifftnnn .. (j"! l^. per sq. in.) 



"0.99-150000.£l' 
7=0.00001411^(^1 

and from (20b) 



P V, ^P. 



-^^^OoooS^ for 140000^3^108900 

(28a) 

(28b) 



T=l for 108900^ ^>0. 

Tables III, IV, V, and VI give values of t for different 
values of P/A in equations (25a) to (28b). The quan- 



tity -d-^ris also listed in tbesa tables as it will be found 
convenient to have it. 



DISCUSSION 

Some of the material used for test did not pass speci- 
fications in all particulars, and in the evaluation of the 
results of tlie tests, this matter should bo considered. 
One failure to meet specifications whicli might be con- 
sidered significant in the present investigation is tlic 
failure to reaoh the specified tensile yield strength, but 
this failure can be adequately corrected for by using the 
Xo,, ff,-method of plotting, provided tliat enough speci- 
mens which do pass the specification for yield strength 
are also tested as checks. Two round column speci- 
mens did not pass the specification for straightness 
(maximum allowable departure from straightness: ratio 
of initial deflection to length 1 to 600), but these speci- 
mens showed no lower strength than other comparable 
specimens; nor was the effect of initial deflection on the 
strength apparent in any other case. 

Occasional high points in the Zj/i, P/A- and X^,, 
<r,-diagrams, as in figures 8 and 9, and figures 12 and 13, 
were due to friction at the knife edges and have no 
practical significance. This friction was minimized 
in the later tests by vibrating the specimen slightly by 
means of a light buzzer attached to the middle of the 
specimen during test. Three conspicuously low points 
in figures 11 and 15 were due to failure by local buckling 
at the ends of the specimens where they bore on the 
plates of the carriers. Two of these specimens were 
from roimd tubes with ratios of diameter to thickness of 
35.7 and 50.0, respectively, and the third was from a 
streamline tube with ratio of basic round diameter to 
thickness of 32.1. 

It seems safe now to conclude that round tubes havuig 
ratios of diameter to thickness not greater than was 
mentioned previously and conforming to Navy Depart- 
ment Specifications 44Tl8c, 44T21b for hoat-trcatod 
tubing or 44T27 (INT) for % H-cold drawn tubing, in 
particular tubes having departures from straightness 
not much greater than allowed by tlio specifications, 
may be designed as columns with elastically restrained 
ends on the basis of the double modulus and equations 
(21a), (21b) for chromium-molybdenum steel; (22a), 
(22b) for duralumin; and (23) for stainless steel. Simi- 
larly, round heat-treated chromium-molybdcnum-stecl 
tubes with ratios of diameter to thickness not much 
greater than 35 and with tensile yield strengtlis not less 
than 150,000 lb. per sq. in. may be designed with the 
aid of equations (24a) and (24b). 

As far as the shape of the cross section is concerned, 
theoretically the streamline tubes should be slightly 
weaker than the round tubes; but this difference would 
be so small as to be masked by other considerations in a 
series of tests made under necessarily practical condi- 
tions. If the difference did show itself, it sliould do 
so independently of the material; but no such con- 
sistent difference appears in the test results. 
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The points representing the chromium-molybdenum- 
steel streamline tubing in the X«,er,-diagram (fig. 12) 
are idl low except one, but these low values are believed 
to be due to the appreciably flatter knee of the com- 
pressive stress-strain diagram (reference 22) of the 
material of the streamline tubes. (See IGB-C in 
fig. 1.) If this particularly flat knee may also be 
expected in round chromium-molybdenum-steel tubing, 
further tests vdth roxmd tubing having this character- 
istic would be desirable. The results available indicate 
that for streamline chromium-molybdenum-steel tubing 
not over 0.186 inch thick, passing Navy Department 
Specification 44Tl7b, for which the ratio of basic 
round diameter d to thickness t does not appreciably 
exceed 35 (see table I), formula (21a) may be replaced 
by 



^=82400 



20000 



for 87200^2^35800 



18900+(5^' 



For values of P[A less than 35,800 lb. per sq. in., 
equation (21b) applies. 

The points representing the duralumin streamline 
tubing in the Xu,a-t-diagram (fig. 13) all except one high 
one closely follow the points for the round tubing. 

The points representing the stainless-steel streamline 
tubing in the \s„ff,-diagram (fig. 14) are the most erratic 
of any for the four materials tested, but this fact is not 
altogether surprising since the material was not the 
same as that of the round stainless-steel tubes. The 
trend of the points for the streamline tubing relative 
to those for the round tubing is consistent with the 
differences shown by the compressive stress-strain 
diagrams. The stress-strain curves of the material of 
the streamline tubing had sharper knees than those of 
the mat-erial of the round tubes (see 2SG-C in fig. 3) 
and the streamline-column specimens show high values 
of IT, for high values of X^, and low values of a, for low 
values of \„, which would be expected (reference 
22). 

The points representing the heat-treatM chromium- 
molybdenum-^teel tubing (fig. 15) closely follow the 
points for the round tubing, except two which are the 
results of tests on specimens with restrained ends. 
The restraint was heavy, 440,000 Ib.-in. per radian and 
the reduced load-deflection curves for these specimens 
were not smooth at low loads and showed very blunt 
"knees." It is probable that, as load was applied, the 
movable head of the testing machine did not move 
parallel to itself, thus producing a rotation of iJie top 
end of the specimen and bending, which resulted in a 
very nonuniform distribution of stress. Since the knee 
of the stress-strain curve of this material is so sharp, 
premature bending of the specimen would lower the 
column strength more pronouncedly than would be the 
case with a mat^?rial with a blunt knee. 



NOTE ON THE DESIGN OF COMPRESSION MEMBERS 
ELASTICALLY RESTRAINED AT THE ENDS 

In a truss or a framework (fiifaSnefz) continuous at 
the joints the members sje interdependent, and in par- 
ticular the buckling strength of a member depends on 
the restraining moments (positive or negative) produced 
at its ends by the other members meeting there. These 
moments, moreover, depend on the geometrical and 
material properties of aJl the members of the truss or 
framework. It is not possible, therefore, to consider 
the buckling of a compression member by itself but only 
as part of the structure as a whole. Theoretically, it is 
possible to determine with given conditions of loading 
the maximtmi load to produce failure of any truss, but 
practically, the solution of the transcendental equations 
Involved Is out of the question except for the simplest 
cases. Approximate solutions based on simplifying 
assumptions at present seem to offer the only way out. 

Only planar trusses with the joints assumed to be 
immovable will be considered here. The case of mov- 
able joints has been treated by Bleich (reference 9), 
Frager (reference 23), and others; the case of space 
structures has been treated notably by Fiiediich and 
Hans Bleich (reference 24). 

In order to get anywhere it is necessary to assume 
that the truss can be broken up into sufficiently simple 
groups of members to enable the stability of each group 
to be investigated separately. Two such groups are (a) 
an individual compression member and the members 
meeting it at its ends, the far ends of the latter members 
being considered as freely supported (fig. 22) ; and (b) 
three members forming a triangle (fig. 23). As will be 
shown presently by examples, the first group can be 
treated by means of equation (12), and the stability of 
the second group can be investigated by means of the 
condition of buckling of a triangle. 



where 



t'kl+t'll 



= 0 (25) 



s'=^s and ^'—^^ 



and the subscripts refer to the members as shown in 
figure 23. This equation is given as applying to the 
elastic case by Borkmann (reference 25) and may be 
derived by applying the equation of foiur moments, 
Bleich (reference 9), successively to the members ij, 
jk; jk, kij and ki, ij. 

In tiie groups of members the stability of which is to 
be considered, P for each member represents the load 
in the member, positive for compression and negative 
for tension. The quantity ^, which occurs in the 
expressions for s and t, is always given by 



A-1 /^i 



(26) 



ia»77S— 80- 



-10 
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but when P is n^ative (tension), s and t become 
A. 1 —J 11 't> 



•1 and t=l- 



fcanh<^ 



(9a) 



If a member carries no load, or is assumed to carry 
no load, an assumption which may be made for sim- 




Smilarly for any member meeting ij at j 

mji __ 1 



Now since 

'ni+mu+nii2+...+mii,+...+Jnim=0 

i 





FionKE 22.— A member of a truss, togetber vlth tbe members meetbut It at Its ends. 



FiacEE 28.— Thne members of a truss forming a Mangle. 



plicity and wifJi safety for most practical tension 
members (see the appendix) then a' and t'ors/CPO and 
t/(Pi) become indetemninate. These quantities may be 
evaluated by the usual methods, and one finds 



s _ I J _t I 

pi~QEi przBi 



(9b) 



Equation (12) applied to the group of members shown 
in figure 22 may be written 



AilMj(t|j*— 8ij*)+ CAti+/»l)ti]+l=0 



(27) 



and 

there can be obtained by simple substitution " 



tli 



tin ) 



1 (Pvi 



(28) 



The method of treating such groups of members as 
those_designated (a) and (b) depends on wlicthcr it is 




FiocRE 24.— Portion of a (uselsge. 



where /^i and /tj are the values of /x at i and j, respec- 
tively, and it is necessary tt)-Tietennine ni and /ij in 
terms of the loads and the dimensions of the members 
of the group. The quantities /i, and /xj depend on the 
restraints offered by the members meeting ij at i and at 
i and may be found easily by applying equation (12) 
to these members. Thus if the member hi is considered 
and the value of at h is put equal to Aih!=0, smce the 
member is. supposed freely supported at h, there is 
obtained on solving for the value of /t at i for this 
member 

m 



Mm— p~T -r- 
■1 ib'-m "111 



desired merely to check the stability of existing groups 
under given loads or whether the groups arc to be 
designed to carry specific loads. The actual procedure 
may be much the same in the two cases. In the firet 
case the left-hand side of equation (27) or (25) is 
computed, whichever one applies, and is compared 
with the right-hand side, 0. No simple criteria can be 
given for assuring stability by means of such a com- 
parison, however, and it is recommended that for a 
group lilve that shown in figure 22 the nomogram, 
figure 7, be used in conjunction with equation (27) to 

u Tlia expressions for in and m irere differently determined In refoianca 11 and 
were tbeie called IV and Ti. 
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determine whether a member is stable. It should be 
noted that no value of 0/t>1.43O3 must be allowed 
to occur in any member ih or jk, because 0/x= 1.4303 
represents the condition of one end freely supported 
and the other end fixed. For a triangular group (fig. 
23), care must be exercised in using equation (25) 
that no values of <^/t occur larger than those which 
correspond to the lowest critical loading. In the sec- 
ond case, that of designing members for specific loads, 
equation (27) or (25) must be solved for one unknown, 
4>, if the other members are assumed to be known, or 
if more than one member is unknown, the equation 
that applies must be solved by trial for such a combi- 
nation of 0's as wlU satisfy it. A numerical example 
win help to clarify the procedure. 



Example: Plgure 24 shows in outline a portion of a 
loaded chromium-molybdenum-steel truss. Posted on 
each member is its length cross-sectional area A, 
cross-sectional moment of inertia I, and load P. By a 
consideration of the group of members FE, FC, FD, 
FH, HJ, HG, and HE, it has been found that this' 
group just reaches a neutral state of eqtiUibrium 
when TT"= 1,450 pounds. It is desired to check the 
other compression members in order to determine 
whether they are in stable equihbrium and possibly to 
redesign some of them. Only two groups wiU be con- 
sidered here, the group (a) JI, JG, JL, LK, LI and the 
group (b) BC, CD, and DB. It is convenient to 
arrange at least part of the computation in some such 
tabular form as the following: 



s 

£ 


10 
s 


.11 
t 


U 
t»— a» 


IS 

10 > 
PI 
{I.lb.-Iil.) 


11 

10>s 
Pt 
CVlb.-In.) 


IS 
PI 

ia>t 

CIb.-ln.) 


a 774 
0 

.701 
.BBS 

a 

.334 
.983 




S.S31 

a 

3 Sil 
Lies 
0 

—93 86 
-.3421 
27.38 




0.1010 

.Qisn 

.03 us 

CO 

.OUKS 
-.06781 

.ooias 




6.S10 
13.21 
30. 16 
sa.67 
16.60 
-3.92S 
43.05 
7.321 








Z.S23 




~6.l78l"' 
.OUOl 
.1275 


-28.07 
-.1023 
2S.SB 


-110.6 
.0909 
03.73 



Member 



On.) 



3 

A. 



1 

I 



S 
P 

ab.) 



6 

_P 

A 

(lb. per sq.. 
in.) 



10" fl 

(InTlb.i/J) 



8 

V? 



JI 

JG 
JL 
LK 
LI 
BC 
CD 
BB 



20.0 
34.0 
23.1 
19.1 
2S.7 
12.2 
27.6 
32.0 



a.0lMS7 
.07862 



.1079 

.07862 

.1061 

.1061 

.1856 



0.002S33 
.009036 
.00S161 
.006661 
.005036 
.01237 
.01237 



1,217 
0 

3,349 
1.6« 

2,218 
-636 
8,261 



19,220 
0 

25,130 
15,320 
0 

20,910 
-6,062 
37,830 



.0583 



.0583 
.0553 



663.5 
0 

sas.s 

198.2 
0 

123.1 
208.2 
510.7 



The values of P in the table are obtained from figure 
24 with TT'= 1,450 pounds; the values in column 7 are 
obtained from table III; those in column 9 are 1 one- 
thousandth of the product of those in Columns 2, 7, 
and 8; those in columns 10, 11, and 12 are obtained 
from table VII except for member CD; and the source 
of the other entries is obvious. It was assumed for 
simplicity, and to be on the safe side, that members 
JG and LI carried no stress. 

If equation (27) is now applied to the group (a), 
there is first obtained from equation (2) 

Aij=0.01900 (6.510-H 13.24) =0.3752 
AtL=0.01900 (23.67-1- 15.69) =0.7478 

Now substitute into equation (27) and find 
0.3 752 X 0.7477 X3.829+(0.3762+0.747S)X2.611-1-1>0 
The group is safe. The design, however, may be 
uneconomical and the possibility of redesigning the 
member JL is investigated. Any of the other members 
or any two or more members might have been con- 
sidered. Substitute /ij and ;Ul as just found into 
equation (27) and solve it for <^ji, by trial with the aid 
of table VII or, more simply, determine ^ji, directly 
from the nomogram of figure 7: 

^=1.784 

This is the value of 0/ir required for the member JL 
in order to bring the group (a) into neutral equilibrium. 
The value of 4>[t in the original design is only 0.701, 
so that a considerably smaller member JL would be 
adequate. Assuming tubular construction, such a 



member may be picked from the chart of figure 18 by 
entering it at the load Pjl= 2,349 lb. and the free 
length, computed from equation (4) 



k = 



22.4 



4>JL 
T 



1.784 



=12-56 in. 



It is foimd that a Hria.. by 0.035-in. tube would be 
satisfactory. Whether this tube would represent a 
practical possibility is, of course, another matter. 

K some member of the group other than the member 
JL were to be redesigned, equation (27) with the ex- 
pressions for n from equation (28) could be solved 
directly for the value of t required for the member. The 
required value of ^/t could then be looked up in table 
Vn in the case of a compression member, or computed 
from equation (9a) in the case of a tension member. A 
new compression member could then be picked from 
figure 18 as just explained. A new tension member 
would have to be chosen by satisfying equation (26) 
by trial. If more than one member of the group were 
to be redesigned, a relation connecting the various 
^fr's could be obtained from equations (27) and (28) 
and this relation satisfied by trial. It would probably 
be at least as expeditious, however, to modify one 
member at a time rather than two or more simul- 
taneously. 

Let the second group of members now be considered — 
the triangle composed of the members BC, CD, DB. 
Proceed in the same general way as with the first group, 
that is, compare the left-hand side of equation (25) 
with zero. If the determinant is expanded, the values 
of s' and t' in terms of E, P, I, s, and t are substituted, 



130 



REPORT NO. mS— NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



and the result is divided through by E', there may be 

written 

tcD \l tcD 1 tuB 



( tap I tcD y 
jPbc^bo -Pcaj^CD/V-^ 



_j_2 SbcSqdSdb Sbo' / 

•Pbc^c^cd^cd-Pdb^db jPbo^^bc V 

Scd' / tpB I tBO \ 



X tpB j tac \ 
Pde^b -Pbc^bc/ 

) 



tcP I tpB 



DBl'DB/ 



^P: 



BC'BO/ 



tcD 



Pdb'^db^V-Pbc^o PcnicD. 



> 



■0 



(29) 



Substitution from the table gives 
0.004375—0.0007816-0.01239+0.00001433+0,003766 
= -0.005017<0. 

The group is safe. The design may be uneconomical, 
however, and the possibility of redesigning the member 
BC is investigated. Any of the other members or any 
two of them might have been considered. For the 
present- purpose it is more convement to writ* equation 
(29) in the form 

1 / tcD I tpB 



Pbo^'bo* C-Pcd^cd 
Pit^Bo[\Pc 



Pdb/] 



DBtDB/ 



(tBO*-SBC*) 



toB 



Icrt PnJrr 



SCD 



Sjjb' 



2 



Pcd'W^Pdb'w)]' 



-BO 



_j_2 ScpSdbSbc I (tpB* — 8DB*)tcp 

PoD^CD'PDB^M'PBciBO PDB*?DB*PcDfcD 
I (tcp' — ScD')tDB _Q 

Pcd'^od^Pdb^db 



Substitution, from the table of all values except s^c and 
tso gives after simplification 

tBo*-SBo'+5.366tBo+1.645sBo+6.194=0 

Solution of this equation by trial with the aid of table 
VII gives for the value of ^/t required to cause buckling, 

*52= 1.799 



Since this value is greater tlian the actual value, 1.043, 
a smaller member may be picked from figure 18. If, as 
before, the free length is determined 

Zj=^= 23.46 in. 

T 

and the chart (fig. 18) entered tliis length and the 
load Pbc=2,218 lb., a %-m. by 0.035-in. tube is found to 

be adequate. 

It may be noted that when for any member <I>It 
is less than unity, the member has reserve strength 
considered as a freely supported column and can act 
to restrain the members meeting at its ends. In the 
previous example, the values of (^/x for all the members 
were less than unity except for the member BC. No 
value of ^/ X greater than 2 is possible if the structure 
is to remain stable. 

It may happen that the most severe condition of 
loading for a given member is not the one that produces 
the greatest average compressive stress in the member. 
Strictly, then, every member should be investigated for 
each condition of loading which produces compression 
in it. Practically, however, this procedure will not bo 
necessary, and if a member in compression Ls satisfac- 
tory for the condition of loading producing the greatest 
average compressive stress in it, it will usually be pos- 
sible to teU by inspection whether other conditions of 
loading diould also be. considered. _ 
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APPENDIX 



The simplifying assumption that tension members in 
a group carry no load is safe so long as the quantities 
PI PI 

— and which occur for these members satisfy the 
conditions 

PI -\F\l ^6EI 

T — I — :^~r 



and 



sinh 4> 

Pl_ ~\P\l ^ SEI 

t J 

tanh cl> 



(b) 



respectively. In order to investigate whether these 
conditions are satisfied in any given case, it is necessary 
to know tiie value of t for computing <l>. Since no 
information concerning r wiU usually be available for 
tension members, it is suggested that the values given 
for the same stress in compression be used. It is not 
to be expected that the discrepancy wiU be large. For 
T— 1 conditions (a) and (b) wiH always be satisfied, 
and for any practical member it is almost certain that 



they will be. In case of doubt, for example, extremely 
high values of \P\/A, the simplifjmig assumption sliould 
not be made. 
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TABLE L— NOMINAL DIMENSIONS OF TUBES AND 
RESTRAINTS USED 



Namfnftl 
dtameter 
or basic 
roand 
diameter 
d 
On.) 


Nomi- 
nal 

thlct- 
ness 
( 

On.) 


Nomi- 
nal 
tf/f 


Nomina] 
area 

(sq. In.) 


Badins 
of gyra- 
Uon 
i 

On.) 


Sestralnts i 


ROUND TUBES 
Chtamlmn-molybdeiiuiii ated 


k 


F 


a OSS 

.04S 
.OSS 


2S.6 
23.0 
2S.S 


a 1061 
.1658 
.2823 


asiu 
.asos 

.6102 


A.CHith 
ACBab 
ABDEOab 


Dnralumln 


I. 

IH 


a OSS 
.OJSS 
.OSS 


28.6 
25.S 
345 


QLioei 

.2628 
.3539 


a. mi 

.6102 

.em 


ACH 

ACHab 

ACS 


Stainless steel 


T 

L 

ih 




o.m 

.QS3 
.OSS 
.085 
.019 


a&t 

12.0 
S5.7 
U.2 
3016 


aiosi 

.2391 
.1338 
.2120 
.2231 


0L3414 
.3256 
.4297 
.USS 
.8133 


AOab 

ACOa 

ACb 

AQa. 

AC 


Heat-treated phrnmlum-mQlyMemim steel 


L. 




aoi2 

.03S 
.0S5 

.ou 


23.8 
SS.T 
S0.0 
SS.7 


ai28i 

.1338 
.IS8S 
.2618 


aS390 
.4297 
.8066 
.8018 


A 
AT 
A 
A 


8TBEAMLINE TUBES 
Clirorn Inm-molybdcntmi steel 




0.035 
.OSS 


35.7 
30.1 


0.1338 
.8302 


a2509 
.«M3 


AF 
A 


Duralnmin 





0.035 
.085 


35.7 
38.6 


a 1338 
.1972 


a2509 
.6187 


AT 
A 


stainless steel 


1^ 

2 

2M- 


aos5 

.019 
.053 
.005 


35.7 
3a6 
34.6 
38.6 


0.1336 
.2234 
.3539 
.4972 


a2509 
.2997 
.4122 1 
.5157 


AF 
AF 
A 
A 


Eeat-tieated chramiaiii-molybdeimm steel 





0.085 
.058 


32.1 
38.8 


0:1198 
.3994 


0.2251 
.4627 


AF 
AF 



1 Bestrafnts are designated in Ib.-In. Der radiaa u follows: equal restraints at both 
ends, A-Ol B-lS^OOb; C-233A100; S=VasKa; £-330,000; ^-140,000; 0-481,000: 
^-452,000; restraint at lower end only, a-asioiO; i-450/X)Q. 
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TABLE II.— RESULTS OF TESTS ON COLUMNS 
ROUND TCTBING 
Both Ends FiusziLy Sufpobted Ob. Rebtbained 









CE 
llll.dll 


[ROMIUt 
uneterby 


I-MOLYB 

B.031 la. th 


DENCTM STEEL 
ick. Nomtma (1/1-28.0 












C.A-4 

CAHSb 


233 
233 


22.27 
48. 6S 


90,910 
79,730 


0w406 
.707 


a 917 

.805 


CA.-e. ; 

CA-2 


0 
462 


69.86 
7&08 


06,030 
44,080 


LOSl 
1.426 


0.CS7 
.443 






IH tn. diameter by 0.049 In. tbick. Nominal Ht'lAJi 


DA-3 


233 

JO 
0 


41.34 
49.78 
07.79 


77,900 
73,190 
06,780 


0.728 
.876 
1.193 


0.S46 
.793 
.004 


DA-2 


4£2 
0 


7a 29 
89.86 


saeso 

36,830 


1.237 
L6S2 


0.64S 
.383 


3>A-6 

l>A-r>c 


DA-4 






diameter 1 


>ro.03Siii. 


thick. NomliMl liff-'26.9 







Specimen 



End re- 
straint 
Ifr-im 
(Ib.-In. per 
ladlaii) 



Batio ot 
slender. 
ness 



Average 



PIA 
Ob. per 



P 
AS 



Spedmea 



End re- 
straint 
lO-im 
Qb.-lD. per 
ladlan) 



Ratio o( 
sleadei- 
ness 



Average 
stress 
PIA 
Ob. pa 
sq la.) 



P 
AS 



D-6.... 
0-3.... 
A-6.... 
D-3.... 
0-«.... 
AE-2.. 
A-3.... 
B-3.... 
T-2.... 
AJ-2... 
0-2.... 
D-2.„. 
L-6.... 
P-6..., 
V-8„., 
Z-B.... 
A-2.... 
0-fi..-. 
B-3._.. 
U-3..., 
R-3..., 
J-3.... 
P-4..., 
L-4.... 
D-S._ 
A-6— . 
AI-3... 
An-2.. 
H-3.„. 
Q-3.... 



461 


19.07 


87,420 


0.334 


0.964 


330 


19.77 


86,470 


.338 


1.004 


461 


10.06 


00,260 


.839 


.972 


330 


]9..fll 


8i880 


.343 


.936 


260 


2167 


82,000 


.362 


.969 


260 


2L08 


92,660 


.376 


.981 


132 


2&42 


86.380 


.409 


.920 


132 


26.46 


83,610 


.472 


.926 


451 


30. 67 


81,640 


.629 


.928 


461 


3176 


87.890 


.638 


.969 


330 


32.46 


82,280 


.666 


.966 


330 


32.16 


80,960 


.663 


.893 


0 


32.82 


83,430 


.679 


.920 


0 


82. 9« 


86,240 


.679 


.942 


260 




86,020 


.007 


.961 


260 


34.99 


88.470 


.613 


.980 


132 


44.38 


80,020 


.788 


.809 


461 


46.19 


76,340 


.700 


.887 


132 


44.93 


82,870 
82,980 


.801 


< .SSS 


461 


47.00 


.838 


.891 


330 


43.91 


71730 


.834 


.879 


330 


43.89 


76.010 


.836 


.886 


0 


61. 21 


72,300 


.000 


.790 


0 


61.27 


74,750 


.906 


.824 


260 


62.66 


72,190 


.920 


.796 


230 


63,49 


77,600 


.960 


.830 


461 


ao,i3 


67,300 


.988 


.720 


461 


60,39 


64,000 


L081 


.708 


132 


62.60 


62,760 
59^820 


1.088 


.716 


132 


02.86 


1.096 


.008 




260 


66.62 


62,200 


LlOO 


0.044 


330 


64.30 


69,080 


LlOO 


.CO! 


461 


71.08 


61,120 


1. 120 


.090 


330 


64.12 


02, SCO 


1. 137 


.083 


260 


68.05 


66.800 


1.174 


.614 


461 


72.90 


54,050 


I. Sit 


.048 


360 


7&89 


42,400 


1.271 


.629 


330 


74.70 


48,780 


1.286 


.641 


330 


76.29 


61,700 
49,870 


1.324 


,505 


0 


76.59 


1.329 


.546 


0 


76. OS 


49,300 


L336 


.614 


132 


78.28 


46,510 


1.303 


.617 


260 


77.99 


44,600 


1.367 


.491 


132 


73.69 


48,210 


1.379 


.»( 


461 


84.66 


4a MO 


L474 


.454 


451 


84.32 


39,920 


1.477 


.442 


330 


87.26 


36,300 


1.4S3 


.410 


330 


87.77 


37.130 


1.409 


.433 


182 


88.37 


34,070 


1.548 


.3S7 


132 


89.66 


36.970 


1.500 


.409 


2S0 


91.23 


33.030 


1.580 


.383 


250 


91.70 


32,700 


1.620 


.361 


0 


100.3 


28,830 


1.741 


.323 


0 


ioa4 


29,040 


1.7C0 


.321 


132 


102.0 


27,780 


1.781 


.117 


132 


102.7 


20,390 


1.795 


.235 


0 


12a3 


2flt3«0 


1114 


• 323 


0 


120.2 


24720 


1100 


.219 


0 


150.0 


1^330 


2.604 


.183 


0 


160.2 


13, no 


2.C43 


.148 



DtJRALtlMlN 
1 In. diameter by 0.036 In. tMdc Nominal dW-28.9 



EA-4.. 
EA-S- 
KA-6a. 
EA-6... 
EA-6e. 



233 


2LS4 


43,600 


0.436 


1.041 


233 


4L9& 


33,220 


.837 


.796 


0 


59.74 


27,050 


1.192 


.647 


0 


69.84 


37,090 
2^930 


1.194 


.002 


0 


86.23 


1.301 


.596 



EA-6b., 
EA-2... 
EA-6d., 
EA-5e.. 



0 


06.34 


24,360 


1.304 


a682 


452 


75.44 


10,330 


1.626 


.381 


0 


85.29 


14,310 


1.702 


.342 


0 


SS.32 


14,230 


1.T02 


.311 



la. diameter by 0.058 In. thick. Nomloal Ai-ZSLO 



0.478 


1958 
.90S 


BC-6—..^ 


0 


49.94 


31,410 


.897 


BA-6 


0 


74.82 


18,780 


.898 


.906 


BC-4....... 


0 


74.97 


13,700 


.653 


.887 


BA-8 


0 


99.88 


10,740 


.690 


.849 


BB-3 . 


0 


99.88 


11,370 


.780 


.823 




0 


1J8.4 


7,620 


.780 


.826 


BC-3 „ 


0 


113.6 


7,400 
4,810 


.916 


.740 




0 


147.7 


.973 


.755 


BC-2 "V 


0 


147.9 


8,800 


.995 


.717 











BD-2b.. 
BA-6—. 
BB-7.... 
BB-6.... 

BC-6 

BD-2.... 
BD-2a-. 
BA-t._, 
BB-1..., 
BB-6.-. 



0 


24.40 


38,240 


0 


29.94 


87, 670 


0 


29.97 


37,410 


462 


82.76 


36,620 


233 


34.27 


36,730 


0 


39.87 


32,840 


0 


30.89 


32,910 


452 


46.87 


30,720 


233 


48.76 


31,180 


0 


49.90 


30,860 



1.000 


0.748 


1.492 


.453 


1.510 


.444 


1.991 


.359 


Lg92 


.375 


2.361 


.183 


3.389 


.176 


1946 


.117 


2.980 


.209 









2 In. diameter by 0.058 tn. thick. Nominal d/t-34.8 












482 

233 


4L3S 
46.36 


82^990 
30^840 


0.819 
.888 


0.801 
.749 


FA-S - 


0 
463 


49.93 
68.02 


29,930 

aiCgoo 


133S 
1.148 


0.720 
.030 


PA-4 


FA-3....- _ 


STAINLESS STEEL 
1 in. diameter by 0.035 In. tblck. Nominal it/t-28.6 








aA-7 

aA-9 


461 
0 
0 
0 
0 

461 


2S.23 
36.62 
36.84 
60.36 
50.22 
60.12 


124,400 
87,180 
93,250 
09,130 
63, 410 
60.510 


0.641 
.782 
.762 
1.077 
1.077 
L204 


1.034 
.72* 
.780 
.678 
.627 
.498 


QB-fl 

GA-6... _ 


0 
0 
0 
0 
0 


0143 
60.31 
71.76 
97.60 
130.0 


59,870 

M,iaa 

40^350 
26,200 
10,470 


1.292 
1.204 
1.582 
3.094 
at 702 


a SOI 
.468 
.335 
.218 
.137 


OB-10 


GA-S 


QB-8 

0A-8._ 


aA-3'."™~~ 


OB- 2 
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Bpecfmen 


End re- 
straint 
10-Jm 
(}bAxi. per 
ladian) 


Eatloof 
slender- 
sess 
Ui 


Averags 
stress 
PIA 
(Ib.ner 
sa.m.) 


1 I. IS 


ff«— 


Epedmen 


End re- 
straint 
KHm 
gb,4n.per 
radian) 


Batio of 
slender- 

BfiSS 

w 


Average 
stress 
PIA 

{lb. per 


1 I. fs 


P 
AS 


STAINLESS STEEIr-ConHnocd 
1 In. diameter b7 0.063 in. tUek. Nomliul 4f-UL0 






HB-7 ... ... 


233 
0 

451 
0 


3a02 
37.37 
48.34 
52L82 


Ul,200 
88,680 
70^660 
61,520 


ae2s 

.779 
LOOS 
1.102 


0.974 
.777 
.619 
.588 


TTK-Jt 


0 
0 

0 
0 


63.38 
77.46 
102.4 
132.3 


SOiOSO 
39,150 
2^130 
14,890 


L322 
I.6I6 
Z13S 
1736 


0.439 
.343 
.206 
.130 


HB-9 

HB-4. 


TTR-K 

HB-1. 


HB-8. 


HB-a 






Ij^in. dIuneterbyOJ)35In.tbIA. Nominal At-SS.? 






lO-lO. 


0 
233 


28.61 
38.25 


119,800 
9^180 


0.720 
.855 


0.738 
.6SS 


IG-9 . 


0 
0 


40.33 87,800 
45.02 83,080 


a 981 

LOSS 


0.819 
.554 


lo-a. 


KM 






IK in. diameter br 0X65 in. tUci:. Nominal d/f-ig.2 




JB-8 


451 
0 


15.89 
38.71 


148,800 
90,120 


0.333 
.812 


L311 
.715 


rR-R 


0 
0 


78.18 
102.6 


35^650 
23,760 


L6Ja 
a. 163 


0.318 
.212 


JB-10. 


JB-6 








IH in. diameter by aoiS In. tbfok. Nominal d!/i(=3a.e 


KB-8 


233 

a 


IS. 12 
87.92 


143,100 
89,710 


1389 
.814 


' LIS 
.738 


TrB-7 


0 


75.52 


38^310 


1.622 


0.315 


KB-9 




HEAT-TEEATED CHEOMIUM-MOLYBDENTJBI STEEL 
1 la. diameter by 0.012 In. tU&. Nominal d/t-2S.8 


imi-2. 


a 

0 
0 


24.50 
2«.61 
34.00 
89195 


163,800 
168,100 
1S4.90O 
168,300 


0.604 
.653 
.833 
.932 


0.039 
.836 
.917 
.940 


lHZ-6_ 


0 
0 
0 
0 


49.10 
59.16 
64.74 
99.76 


123. 900 
86,320 
72; 790 
29^880 


L207 
I. 455 
L(i92 
2.455 


a 692 
.477 
.407 
.167 


lHZ-3g 

IHZ-I 


lHZ-7 

lHZ-4 


IHZ-a _ 


0 




IH in. diameter by 0.03S In. tUck. Nominal 4ft-8S.7 


2HY-1 


410 
440 
0 
0 
0 
0 


12.07 
18.44 

aass 

40.08 
43. IS 
47.37 


191,300 
186.000 
'152,200 
156,600 
154,300 
127,500 


0.304 
.465 
.624 
1.004 
LOSl 
1.I8B 


1.020 
.998 
.819 
.843 
.830 
.686 


IHT--. 


0 
0 
0 
0 
0 


52.95 
55.82 

.64.75 
79.82 

128.6 


107,800 
96v7B0 
71,230 
47,250 
17,740 


1.328 
L400 
1.621 
LOOS 
3.245 


asso 

.521 
.383 
.254 
.095 


2HY-2 _ 


IHY-g. 


1HT-B._ 

lHT-6 


IHY-8 

IHT-t. 


iHY-sg 


lHY-6_ 


lHY-2 




IK in- diameter by 0.03S in. thidc Nomimtl 4t=saa 




IEX-1 

lHX-23 


0 
0 


19.37 
45.25 


•150,200 
14^800 






IHT-a. - - 


0 1 128.8 1 17,630 

btalned. 


-t 






Talnes of S coold not be o 












IK In. diameter by OMi In. tbicfc. Nominal 4(-36.7 


mw-i 


0 
0 
0 


33.02 
38.09 
42.18 


liO,TOO 
164,700 
167,100 


0l818 
.946 
L04S 


aoso 

.907 
.863 


iH\r-« . 


0 
0 


79.78 
96.77 


46,810 
31,860 


1.977 
2.402 


0.256 
.175 


iHW-aa 

lHW-34 


iHW-a. _ 


Lower Enb Restbajhud 

OHBOMnrM-MOLYBDENXTM STEEL 
1 In. diameter by 0.031 in. tbick. Nominal #(-28.1 


CA-Se 


4SD 


48.90 




0.856 


0.77S 1 


CA-sa 


233 


48.00 


77.920 


0.877 


0.786 


IH in. diameter by O.Oig In. tbkilc. Nominal d/f=2S.0 


DA-«a 


460 


52.68 


63.900 


01927 


0.682 





288 


55l60 


66^910 


GLBi8 


a726 






l}i in. diameter by OJ)eS in. thick. Nominal 41-25.8 


AA-2 


450 


58.58 


66,180 


agg4 


0.T63 


AA-Sa 


233 


63.07 


62,950 


I. on 


a 737 






DUEALUMIN 
IH In. diameter by 0.058 In. tblck. Nominal er/(-2S.a 


BD-8 


450 


38.07 


34,330 


a 746 


a 861 




233 


39.21 


33,610 


0.767 1 


0.842 
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STAINLESS BTEEL 



Specimen 


End re- 
straint 
10-<m 
Gb.-ln. per 
radian) 


Ratio of 
slendei- 
ness 
Itli 


Average 
stress 
PIA 
Ob. per 
sq. fn.) 


1 I. fs 


P 
AS 


Specimen 


End re- 
straint 
10-"™ 
Ob.-ln. per 
radian) 


Ratio or 
slender- 
ness 


Avorase 
stress 
PIA 

(lb, IKT 

sq. in.) 


1 i. 11 

rlVl 


P 

AS 


1 In. diameter by 0.0311 In. tblcl:. Namlnal t/t-'lS.B 


OA-IO 


450 
288 


2L17 
60.13 


132.800 ' 
58,820 


a454 


1.103 
.575 


GB-4 .'. 


450 


55.02 


5S;930 


1.410 


0.443 


OB-6 


I In. diameter by 0.0B3 in. tbick. Nominal i/l^ 12.0 


HB-10. 


233 


24.87 


119,000 


a 615 


1.042 
























IK In. diameter by 0.085 In. tblck. Nominal (1/1-35.7 




reH». 


450 


64.26 


71,850 


1.320 


a 479 








1 








■-- — 












lii In. diameter by 0.005 in. thick. Namlnal i/tmia^ 




JB-5l 


233 


75.84 


39,040 


1.591 


a349 





























STREAMLINE TUBING ^ 

Both Ekdb Freely Supfobted ob Restrained 
chbomium-m:olybdentji2~steel 

1 .ess by 0.714 by 0.036 In. Namlnal (Ut-SB-I 



lCB-4a 


0 
0 

no 


Se.65 
89.61 
44.91 


ill 


0.630 
.700 
.794 


0.830 
.801 
.773 


lCB-2..i.„ 


■ 


68.37 
78.61 


earn 

39600 


1.049 
1,405 


0.SA1 
.430 


ICB-1 

ICB-^b 


lOB-8 


3.372 by 1.429 by 0.083 in. Nominal d/t-SO.! 










lCA-1 


0 


58.80 


65070 


0.893 


0.760 


10A-3...[ 


• 


79.74 


43670 


1.346 


0.612 




DTTBALirMIN 
1.385 by 0.714 by 0.036 In. Namlnal il/l-36.7 






lDB-1 

lDB-4a „ 


0 
440 


89.97 
46.26 


29560 
27320 


0.722 
.836 . 


0.854 
.790 


lDB-2 

lDB-3 - 


0 
0 


69.80 
79.08 


21030 
17130 


1.080 
1. 445 


0.C9S 
.495 








3.372 by 1. 


129 by 0.065 in. Nominal (i/J-38.6 




lDO-2. 

lDC-1 


0 
0 


30.24 
59.14 


28560 


0.706 
1.064 


0.844 
.744 


lDC-3 


0 


79.70 


173S0 


1.434 


0.497 


STAINLESS STEEL 
1.585 by 0.714 by 0.035 In. Nonanal d;/t-3S.7 






lSB-2a _ 


440 


42.48 


SSlOO 


0.860 


0.793 


1SB-1_ 




09.06 


27510 


2.000 


0.253 






2.02S by 0.857 by 0.049 In. Namlnal if/l-30.C 






18D-». 


440 


53.90 


67910 


1.181 


0.602 l| isi}-i.„7:::". " 


0 


SO. It 


4130) 


1.767 


0.300 




2.GS7 by 1.148 by 0.058 in. Nominal d/t~3iJ 






18F-2a 




22.65 


110300 


0.493 


a 837 
















8.372 by 1.429 by 0.055 in. Nominal iVf-38.6 






2SC-1 


0 


59.32 


64460 


1.168 


0.68G 














HEAT-TEEATEI> OHROMIUM-MOLyBDENDM STEEL 
1.617 by 0.543 by 0.036 In. Nominal i</'l-32.I 






IHQ-ScL 

lHG-3a. 


440 
0 
440 


35.00 
40.43 
41. 4S 


•149200 
147400 
141800 


0.841 
.071 
.996 


0.866 
.866 
.822 


IHO-l ., 

lttG-2 : 


0 
0 


03.09 
78.34 


78780 
47TM 


1.616 
1.906 


a 439 
.277 


3.035 by 1.286 by 0.058 in. Nominal iiyi-=38.8 






lHE-3 

lHE-1 . . 


440 
0 


47.55 
49.77 


115900 
125100 


1.131 
1.184 


0.662 
.715 


lHE-2 


0 


65.43 


72550 


1.557 


0.415 



• Local failure. ^ Sizes are given by major diameter, minor diameter, and thickness. Nominal d/t Is Klven for basic round diameter. 
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TABLE III— VALUES OF t AND KfE- FOR CSaOMIUM-MOLYBDENUM STEEL 



r>29,800^000 lb. iier m. In. 



PIA (lb. per 
sq. In.) 


r 


A 


10" / 1 
x\ Et 
(Injlb.ui) 




PIA Ob. per 
sq.in.] 




A 


10' /T 

OnJIb.V') 


A 


PIA Ob. per 


T 


A 


10" / I 

On./fb.v«) 


A 


Oto 

32,800 


1 




aoss3 




tUfflD 








0.0633 






.471 




0.0850 






0 




0 




18 






7 




30 




28 


33,000 


LOOO 




.0SS3 




50,000 


.829 






.QSjO 




88,000 


.442 




.0878 






1 




0 




IS 






S 




30 




31 


34,000 


.009 




.0583 






.810 






.0845 




67,000 


.412 




.0909 








3 




1 




19 






S 




30 




35 


35,000 


.9K 




.0584 




52,000 


.791 






.OKA 




88,000 


.382 




.0341 








4 




1 




20 






8 




31 




11 


scooo 


.992 




.0535 




53,000 


.771 






.0884 




69,000 


.351 




.0985 








5 




2 




22 






10 






32 




47 


37,000 


.887 




.0587 




54,000 


.749 






.0074 




<O,000 


.319 




.1032 








S 




2 






22 






10 




32 




66 


33,000 


.961 




.0559. 




65,000 


.JS7 






.0654 




71/100 


.287 




.loss 








7 




3 




22 






10 




32 




68 


39,000 


.974 




.oeei 




58,000 


.70S 






.0624 




72iOCIO 


.256 




.1156 








8 




3 






23 






12 




33 




S3 


40,000 


.966 




.ass3 




57,000 


.882 






.(KQ8 




73,000 


.323 




.1239 








10 




3 




21 






13 




31 




108 


41,000 


.036 




.osas 




68,000 


.668 






.01719 




74,000 


.ISS 




.1315 








10 




3 




25 






U 




31 




111 


42,000 


.»a 




.0509 




69,000 


.633 






.0^3 




75,000 


.151 




.11S6 








11 




4 






2S 






15 




31 




201 


43,000 


.935 




.0003 




80,000 


.807 






.0748 




78,000 


.120 




.16Sr 








13 




i 




SB 






17 




35 




318 


44,000 


.922 


13 


.0807 




81,000 


.SSI 






.0765 




77,000 


.035 




.2005 








5 






36 






IS 




36 




626 


4Sb000 


.009 




.0812 




62,000 


.655 






.0783 




78^ 


.049 




.2631 






U 




5 




28 






30 




38 




2141 


40,000 


.803 




.0617 






.827 






.0803 




79,000 


.013 




.5072 






U 




S 




a 






22 




13 




CD 


47,000 


.880 


10 


.0822 




84,000 


.499 






0825 




79,400 


0 














5 






28 






25 










43,000 


.£» 


IT 


.0827 


6 

























TABLE IV.— VALUES OP r AND FOR DURALUMIN 

r V Et 
£-10,590.000 lb. per sq. in. 



PIA (lb. net 
SQ.in.) 


T 


A 


Iff rr 
ajL/ib."/") 


A 


^A Ob. par 
sq.IiLT 


T 


A 


ia« fT 
CInJlb.>«) 


A 


PIA Ob. per 


T 


A 


i(F rr 

On.yib."') 


A 


Oto 

21.800 


I 




a097S 




29,000 


0.672 






a 1291 




38,000 


0.169 




0.238 








0 




1 




32 






37 




23 




17 


22,000 


.991 




.09S2 




39,500 


.640 






.1331 




38^500 


.147 




.255 




22,500 




26 




U 




32 






41 




21 




21 


.965 




.0998 




3(t000 


.508 






.1372 




87,000 


.126 




.276 




23,000 




26 




U 




31 






15 




20 




25 


.939 




.1010 




30,600 


.CT 






.1117 




37,900 


.106 




.301 




23,900 


.9U 


3S 




15 




32 






« 




IS 




30 




.1025 




31,000 


.445 






.1166 




38,000 


.OSS 




.331 








29 




16 




30 






53 




17 




37 


21.000 


.SS2 


29 


.1011 




31,500 


.415 






.1519 




38.600 


.071 




.363 




24,500 






IS 




81 






5B 






15 




17 


.853 


30 


.1059 




32,000 


.384 






.1578 




30,000 


.OH 




.415 




2^000 






19 




39 






6 




11 




62 


.823 




-lOTS 




32,500 


.3W 






.101 




39,600 


.012 




.477 








30 




20 




39 






7 




12 




E6 


25,500 


.793 


31 


.lOSS 




38,000 


.328 






.171 




41^000 


.030 




.563 










23 




39 






8 




10 




125 


28,000 


.762 




.1120 




33,500 


.397 






.179 




40,500 


.033 




.6SS 




26,500 




31 




21 






27 






9 




S 




200 


.731 




.1114 




31,000 


.2n> 






.188 




41,000 


.012 




.sss 




27,000 




32 




26 




27 






IS 




8 




370 


.899 




.1170 




34,600 


.343 






.198 




41,300 


.006 




L25S 




27,500 




31 




27 




26 






12 




4 




917 


.668 




.1197 




3^000 


.217 






.310 




42.000 


.002 




2L175 




28.000 




32 




30 






21 






13 




a 




6129 


.636 




.1227 




35^500 


.193 






.223 




42,500 


.000 




8.301 








32 




32 






21 






15 




0 






28,500 


.601 




.1259 
















42,700 


0 












32 




35 
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TABLE v.— VALUES OF r AND "Ljl- FOR STAINLESS STEEL 



£—26,300,000 lb. per sq. In. 



PtA (lb. per 
84. In.) 


T 


A 






PI A Ob. per 
sq. in.) 




A 


/T— /TV t n\ 

Gn^Ib.'''} 


A 


P/A Gb. per 
9^. In.) 


r 


A 


I0» IT 

(\ti /In in\ 


A 


0 


I 


0 


a0821 


0 


42,000 


0.834 


IS 


0.0680 


6 


84,000 


0.447 




0.0928 


23 


2,000 


1.000 


2 


.0621 


0 


44,000 


.810 


U 


.0686 


6 


86,000 


.426 


91 


.0961 


36 


4,000 


.908 


2 


.0621 


1 


46,000 


.804 


16 


.0602 


7 


8g>000 


.406 


22 


.0970 


27 


0,000 


.009 


3 
3 


.0622 


1 


48,000 


.730 


16 


.0609 


7 


30,000 


.383 


S3 


.1003 


30 


8,000 


.803 


.0623 


1 


60,000 


.773 


17 


.0706 


8 


02,000 


.361 




.1033 


33 


10,000 


.090 


S 


.0624 


1 


(3,000 


.766 


17 


.0714 


8 


91,000 


.339 


23 


.1009 


37 


12,000 


.m 


6 


.oazs 


2 


64,000 


.739 


17 


.0723 


9 


96,000 


.317 


33 


.1103 




14,000 


.080 


e 


.0627 


2 


66,000 


.732 


18 


.0731 


9 


98,000 


.296 


A3 


. 1M4 


47 


16,000 


.974 


r 


.0629 


2 


68,000 


.701 


18 


.0740 


10 


100,000 


.272 


(yy 
<U 


.1101 


OA 


18,000 


.067 


7 


.0631 


2 


60; 000 


.038 


18 


.0760 


10 


102; 000 


.249 


£a 


.1244 


61 


20,000 


.900 


8 


.0633 


8 


62,000 


.068 


19 


.0780 


u 


104,000 


.226 


ry\ 
*o 


.1306 


72 


22,000 


.953 


9 


.0036 


3 
3 


64,000 


.649 


19 


0771 


11 




.203 


23 


.1377 


86 


24,000 


.943 


10 


.0639 


66,000 


.630 


10 


.0782 


12 


108.000 


.190 


23 


.1462 


104 


20,000 


.933 


10 


.0642 




68,000 


.6U 


20 


.0794 


13 


110,000 


.167 


23 


.1606 


130 


28,000 


.923 


11 


.0646 




70,000 


.691 


20 


.0807 


U 


112,000 


.134 


23 


.1636 


171 


30,000 


.012 


12 


.oeto 




. 72,000 


.671 


20 


.0821 


16 


114,000 


.lU 


23 


.1867 


sr 


32,000 


.000 


12 


.06« 




- 74,000 


.661 


20 


.0836 


16 


116,000 


.033 


24 


.2104 


360 


34,000 


.888 


12 
13 
14 


.0«S 




76,000 


.SSI 


21 


.0862 


17 


118,000 


.064 


24 


.2464 


«6 


30^000 


.878 


.0663 


£ 


78,000 


.610 


21 


.0869 


IS 


120,000 


.040 


24 


.8110 


1731 


38,000 


.863 


.0668. 


6 


80,000 


.489 


21 


.QSS7 


20 


122,000 


.016 


16 


.4803 


m 


40.000 


.849 


.0674 




82,000 


.468 


21 


.0907 




123,400 


0 




a 




U 




e 








31 













TABLE VI.— VALUES OF. t AND FOR HEAT-TREATED CHROMIUM-MOLYBDENUM STEEL 

£-30,00,0000 lb. per sq. in. 



P/A Ob. ner 
SQ. In.) 


T 


A 


Iff rr 

(in./lb."0 


A 


P/A Ob. per 
SQ.ln.) 


T 


A 


io« FT 
VXet 
rmJlb.i/») 


A 


PIA Ob. per 
sq. In.) 


T 


A 


lOi /T 
an./Ib.M»] 


A 


Oto 

108,900 


1 


0 


a 0681 


0 


118,000 


.932 


5 


.0588 


2 


129.000 


.880 


17 


.0619 


6 


109,000 


LOOO 


0 


.0581 


0 


119,000 


.977 


6 

5 


.0988 


3 


1301000 


.863 


19 


.Qr>26 


7 


110,000 


1.000 


I 


,0581 


0 


laoiooo 


.971 


.0530 


3 


111,000 


.844 


33 


.0032 


9 


111,000 


.990 


I 


.0531 


1 


121,000 


.SIM 


7 


.0592 


3 


132,000 


.823 


25 


.0641 


10 


112,000 


.998 


3 


.0682 


0 


122,000 


.958 


8 


.0594 


3 


133,000 


.797 


38 


.0651 


13 


113, 000 


.996 


3 


.0582 


I 


123)000 


.060 


9 


.0996 


3 


114)000 


.709 


34 


.0003 


16 


114,000 


.094 


2 


.0533 


0 


124,000 


.941 


9 


.0599 


3 


135,000 


.736 


40 


.0678 


19 


116,000 


.992 


3 


.0683 


1 


126)000 


.932 


U 


.OOOS 


4 


136,000 


.696 


60 


.0697 


37 


116,000 


.089 


8 
4 


.0584 


1 


139,000 


.921 


12 


.0006 


4 


117,000 


.646 


66 


.0»4 


40 


117,000 


.080 


.0585 


1 


127,000 


.909 


14 


.0610 


4 


138,000 


.379 


101 


.0704 


78 












128,000 


.805 


16 


.0614 


S 


130,000 


.478 


478 


.0810 


m 




















140,000 


0 




m 
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TABLE VIL— VALUES OF s, t, AND t»-s» 

Interpolation for s, t, and t>-!« when 0.fl»<j<l.(U b not poe^Iey and It win be soffidenUr accmate to take a- i f — Similarly, Interpolation 

A 2 2 

tor s and t wben I.99<^<2.(10 b oot possible^ and fben vlth suOcbnt accnracr a— ^ — and t— — 







9 


t 


v—ff 




* 


S 




fl a« 

p— a" 


0 

.01 


0 

.03142 


0 

.OOOIS 


0 

.00033 


0 

.00000 


.87 


Z 13319 


S.8820 


7.3160 


18.928 


.02 


.062S3 


.00066 


.00132 


.00000 


.83 


2.7600 


6:5100 


7.932S 


2i.se 


.03 


.09425 


.00143 


.00206 


.00001 


.89 


179602 


7.2542 


8:7962 


21.223 


.04 


.12666 


.00261 


.00527 


.00002 


.90 


2.82743 


a:14!» 


9.7019 


27.109 


.OG 


.1670S 


.00412 


.00824 


.00008 


.91 


2.88688 


9:2471 


10.810 


32.002 


.oa 


.18SS0 


.00696 


.01187 


.OQOU 


.92 


2.89027 


10.622 


12.257 


37.401 


.07 


.21991 


.00811 


.01617 


.00020 


.93 


Z 92198 


1Z393 


14.071 


44.392 


.OS 


.28133 


.01061 


.CBU4 


.00033 


.94 


2.S9310 


14.760 


10.481 


51.760 


.09 


.2S274 


.01346 


.02679 


.00054 


.95 


2.96451 


18.078 


19.813 


88.938 


.10 


.31416 


.01661 


.03312 


.00082 


.96 


3.01693 


23.063 


24.874 


8«.7i8 


• U 


.34668 


.02018 


.01013 


.00120 


.97 


3.04i31 


SL3S1 


3S.23S 


US. 95 


.12 


.37699 


.02409 


.01783 


.00171 


.96 


3.07876 


4S.032 


49.935 


186.46 


.13 


.40S41 


.02835 


.05623 


.00236 


.99 


3.11018 


98.016 


99.967 


3S&2g 


.U 


.439S2 


.0329S 


.06533 


.0O31S 


LOO 


3.14169 


±<= 


±«» 


±" 


.IE 


.47124 


.03799 


.07614 


.00420 


1.01 


3.17301 


-102.02 


-99.067 


-414.04 


.16 


.80265 


.04339 


.08567 


.00618 


1.02 


s.xm 


-52:031 


-49.933 


-r214.20 


.17 


.83407 


.04917 


.09694 


.00^ 


LOS 


3.236S4 


-35:3S1 


—33.232 


-147.70 


.18 


.66819 


.06636 


.10894 


.00880 


L04 


3.26726 


—21069 


-24.863 


-U4.64 


.19 


.59690 


.06195 


.12168 


.01097 


L06 


3.29SS7 


-21087 


-19.827 


-94.708 


.20 


.e2S32 


.06896 


.13619 


.01352 


L06 


3.33009 


-18.772 


-16.467 


-SL547 


.21 


.68973 


.07610 


.14918 


.01681 


1.07 


3.36160 


-16.410 


-14.039 


-72.196 


.22 
.23 


.69118 


.08129 


.16464 


.01997 


LOS 


3.39292 


—14.943 


-12.215 


-65L227 


.72267 


.09263 


.18041 


.02397 


1.09 


3.42434 


-13.274 


-ia<87 


-69.847 


.Si 


.763SS 


.10143 


.19709 


.02866 


1.10 


3.4357S 


—12.183 


-9.6357 


-66.580 


.2S 


.78M0 


.11072 


.21460 


.03379 


1.11 


3.48717 


— 1L296 


— 8.6S60 


-62.121 


.28 


.81631 


.12051 


.23296 


.03875 


1.12 


3.E185S 


— KISSS 


-7.8869 


-49.271 


.27 
.2S 


.S4S23 


.13081 


.26213 


.04619 


Lli 


3.6SD00 


-9:9387 


—7.2036 


— 48.8S7 


.Sn66 


.14164 


.27228 


.0S4OS 


Lll 


3.58112 


-9.4114 


-6:6108 


-44.871 


.29 


.91106 


.15302 


.29331 


.06262 


LIS 


3.SI2S3 


-8L9679 


-6:0906 


—43.150 


.30 


.94243 


.16497 


.31625 


.07217 


L16 


3.S1425 


-S.S646 


-8:62S9 


-4L687 


.81 


.97389 


.17781 


.33814 


.0^ 


L17 


3,67668 


-8.2208 


-6.2162 




.32 


1.00531 


.19066 


.36201 


.09470 


LIS 


3.7070S 


-7.91S1 


-4.3414 


-si.3ez 


.33 


1.03873 


.20446 


.38883 


.10788 


L19 


3.73860 


—7.6511 


-4.8010 


-3S.28I 


.34 


1.09814 


.21891 


.41278 


.122t7 


L20 


3.itH)91 


—7.4138 


— tlSSS 


-OT.417 


.3S 


1.09986 


.23106 


.43976 


.13869 


L21 


3.80133 


—7.2021 


-S.9009 


-39:668 


.36 


1.13097 


.24993 


.46780 


.15637 


L22 


3.83274 


—7.0129 


-3.9330 


-3S.0S2 


.37 


1 16239 


.29656 


.49999 


.17696 


L23 


3.9H16 


-6.8432 


-3.3830 


-36.381 


.38 


1,19381 


.2S397 


.82734 


.19748 


L21 


3.89657 


-6.6907 


-3.1431 


-34.851 


.34 


1.22522 


.30221 


.86889 


.22103 


L25 


3.92899 


-6.6836 


—2.9270 


-34.3S2 


.<0 


1.25661 


.32131 


.69169 


.248S6 


L26 


3.96S41 


-6.4301 


-2.7173 


-33.961 


.41 


L2S805 


.34131 


.62579 


.27511 


L27 


8.98982 


-6.3190 


-2.5176 


-33.592 


.42 


1.31947 


.36227 


.66122 


.30597 


L2S 


4.02124 


-6:2189 


-2.3267 


-33.261 


.43 


1.380SS 


.33122 


.69S04 


.83964 


L29 


4.0S285 


-911289 


-2L1436 


-32.969 


• 44 


L3S230 


.40723 


.73631 


.37632 


L30 


4.06107 


-6.04S2 


-LOOTS 


-32.711 


.45 


1.41372 


.43134 


.77609 


.41626 


L31 


4.11619 


—6.9759 


— L7998 


—32.483 


.48 


1.44513 


.45662 


.81744 


.45970 


L33 


4.14690 


—619116 


— L9317 


-32.283 


.47 


L 47855 


.48313 


.86043 


.60692 


L33 


4^17832 


-6.8543 


— L4ni 


-32.109 


.48 


L 50798 


.61095 


.90513 


.55819 


L34 


4.20973 


-S.8040 


-L3143 


-8L05S 


.49 


1.83938 


.64014 


.96162 


.61334 


L35 


4.24116 


—5.7600 


— L1610 


-3L829 


.80 


L 67080 


.67030 


1 


.67419 


L36 


4.27267 


-5:7220 


— L0105 


-3L720 


.81 


1.60221 


.60300 


1.0504 


.7396 


L37 


4.3039S 


— S.6S97 


-a 8625 


-3LK9 


.82 


1.83363 


.63686 


1.I02S 


.8105 


L3S 


4.33610 


-9.6^ 


-a 7165 


-3L564 


.88 


1.66504 


.67247 


L1574 


.8873 


1.33 


4.36681 


—8.6412 


—9:5721 


-3L496 


.84 


1.69616 


.70991 


L2143 


.9708 


L40 


4.39823 


-8.8248 


-a 4291 


-3L462 


.89 


1.72r88 


.74941 


1.2737 


1,0606 


1.41 


4.42966 


-5.6128 


-a2E99 


-3L421 


.88 


1,75929 


.79102 


1.338B 


1,1681 


1.42 


4.46106 


—8.9068 


-0.1494 


— 3L403 


.67 


1.79071 


.83490 


L4003 


L26J7 


L4S 


4.49248 


—6.9083 


— ao«2 


— 3L397 


.88 


1.82212 


.88123 


1.4678 


LS7S0 


L44 


4.62389 


—6.6065 


auTo 


— 3L403 


.69 
.60 


1.85354 


.93018 


1.6385 


L50I8 


L46 


4.66531 


—£.8121 


0.Z7S5 


-3L41S 


LSS496 


.98196 


1.6I2S 


1.6358 


L46 


4.6S673 


-5.8232 


0.4206 


-3L443 


.61 


L 91937 


1.03678 


1.6899 


LTSIO 


L47 


4.61814 


—5:6387 


0.6935 


— SL478 


.62 


L 94779 


L09190 


1.7712 


1.93S3 


L48 


4.04956 


-6.65SS 


0.7075 


-3L621 


.63 


1.97920 


1.15667 


1.8565 


2.10^ 


L49 


4.68097 


-5.8833 


0:8529 


-3L672 


.64 
.68 


2.01062 


1.22210 


1.9161 


2.2939 


L60 


4^71239 


-IL7124 


1 


-3L631 


2.04204 


1.29183 


2.(H05 


2.4947 


L61 


4.743S0 


-6:7461 


L149I 


-3L69S 


.66 


2.07346 


1.36613 


2.1399 


2.7128 


L62 


4.T7522 


-£7847 


L3004 


-SL77I 


.67 


2.104S7 


1.44641 


2.244S 


2.960Q 


L63 


4.80664 


-S.8281 


L4644 


-3L851 


.SS 


2.13628 


L 53016 


2.3557 


3. 2081 


LE4 


4.83805 


-5.8785 


L6U2 


-SL937 


.99 


2:16770 


L 62090 


2.4732 


3.4392 


L66 


4.89947 


-&9302 


L77ia 


—32.030 


.70 


2.19911 


L71826 


2.6978 


3.7969 


L66 


4.90088 


-6:9893 


L0349 


-32.127 


.71 


Z23063 


1.82290 


2.7302 


4.1309 


L57 


4.93230 


-6.0540 


2.1025 


-32.231 


.72 


2.26196 


1.9S561 


2.S713 


4.4974 


L6S 


4.99372 


-8.1247 


2.2745 


-32.339 


.73 


X2gS36 


2.06736 


3.0219 


4.8990 


L59 


4.g95U 


-6.2017 


2.4512 


-32.452 


.74 


2.32478 


2.18913 


3.1S31 


G.3S99 


L80 


6:08655 


-9:2852 


2:6332 


-32.570 


.76 


2.36619 


2.33216 


3.38B2 


6:8261 


L6i 


6.06796 


-6:3763 


2.8210 


-32.693 


.76 


2.3S76I 


2.4879 


3.6426 


0.3601 


Lffi 


6.06938 


-6.4738 


3.0150 


-32.819 


.77 


2.41903 


2.6679 


3. 7438 


S.SS18 


L6S 


8L1208Q 


—6.6797 


3.2190 


-32.950 


.7S 


2:45044 


2.8443 


3.9621 


7.6061 


1.64 


6.16221 


-6.6041 


8.4244 


-33.GS5 


.79 


2:43186 


aoi93 


4.1996 


8.38S2 


1.63 


6:18363 


-6.8177 


3.6412 


-33.223 


.SO 


2.61327 


3.2768 


4.4692 


9.1636 


L66 


6.21604 


-9:9612 


3.8670 


—33.366 


.81 


2.84469 


3.8272 


4.7444 


ia06S 


L67 


5^24618 


-7.0053 


4.1027 


-33.610 


.82 


2.67611 


3.8077 


5.0893 


11.098 


L6S 


6:27788 


-7.2510 


4^3491 


-33.660 


.83 


2.60762 


4.1224 


6.4091 


12.264 


L69 


6.30929 


-7.4193 


4.8082 


-33.811 


.84 


2.63891 


4.477S 


5.8002 


13.692 


L70 


5.81071 


-7.6QI6 


4.8803 


-33.966 


86 


2.67036 


4.8820 


8.2109 


16:116 


L71 


5:37212 


—7.7988 


£.1670 


-34.128 




2:70177 


8:3455 


6.7416 


18.874 


1.72 


6.40354 


-8.0129 


5:4701 


-34.284 
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9 


t 


tl-!l 






1 


t 




1.73 


S. 43496 


-a.24SS 


C.79ia 


-14.447 


L87 


&87CS 


-16.792 


14. 670 


-30.918 


L74 


1^46637 


-8.«988 


6.1333 


-34.612 


1.88 


iL 90819 


-17.044 


13^917 


-87.138 


1.78 


«. 49778 


-a77S0 


6. 4978 


-34 780 


L89 


8.937BI 


-18.629 


17.492 


-37.32S 


1.76 


a. 52920 


-9.0772 


68880 


-34.950 


LOO 


8.98903 


-21316 


10.371 


-37.620 


L77 


5.Se062 


-9.4088 


7.3073 


-38.123 


L9I 


6.D0044 


-32.808 


21054 


-87.713 


L78 


S.Sfi203 


-8.7729 


7.7896 


-38.297 


L»2 


0.03186 


-2S.266 


24.493 


-37.007 


L79 


G.S234fi 


-la 17fi 


8.2497 


-38.474 


LG8 


8.06327 


-S8. 798 


28.120 


-3S.1Q2 


L80 


fi. 68487 


-10 621 


&7S33 


—35.662 


1.94 


6.09169 


-33.629 


32 949 


-33. 297 


1.81 


S.6862S 


-11. 116 


9.3671 


-36.832 


1.98 


6.12611 


-mi8I 


39.079 


-SI 49t 


L82 


S. 71770 


-ILaTl 


10 010 


-36.014 


1.96 


6.16782 


-Sai29 


49.742 


-38. 890 


1.83 


S. 74911 


-12.294 


10.721 


-36.198 


1.97 


& 18894 


-88.764 


C6.472 


-S3.8S7 


LS4 


E.780eS 


• -13.999 


1L8I8 


-30^883 


1.98 


6.22038 


-100.07 


99.870 


-39.088 


1.86 


S.8UBS 


-13.802 


12.407 


-36.S69 


1.99 


8.26177 


-20a03 


IS9.93 


-39.2SI 


L80 


{.84336 


-14.724 


18.418 


-38.757 


2.00 


6.2!ai« 


— « 


m 


-39.478 



